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PREFACE. 



THE following Treatise on Analytical Geometry 
has been prepared for the use of the mathe- 
matical department in Columbia College and the 
School of Mines. Many excellent works on this 
branch of mathematics have been published, but the 
larger ones have proved too voluminous to be studied 
in the time allotted to the subject in colleges and 
schools of science, and the smaller ones are not 
sufficiently comprehensive to satisfy the growing 
wants of scientific education. The object of the 
present compilation is to deduce all the essential 
principles usually developed in the larger works, 
within the limits occupied by those of the smaller 
class. 

The general plan of the work does not differ es- 
sentially from that adopted by the earlier writers on 
the subject, but in its execution, many changes have 
been introduced. The definitions have been re- 
vised, the explanations have been simplified, the 
demonstrations have been abbreviated, and every 
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PART I. 



ANALYTICAL GEOMETRY OF T\ArO 
DIMENSIONS. 



L Definitions and Introductory Remarks. 
Definition of the Subject. 

1. Analytical Geometry is a branch of Mathe- 
matics in which the properties and relations of lines 
and surfaces are investigated by the aid of Algebraic 
Analysis. 

Method of Investigation. 

2. The method of proceeding is as follows: 

l"". All the points of the lines and surfaces to be 
considered are referred to fixed objects, by means of 
elementSy called co-ordinates. 

2°. The reUUions between these co-ordinates are ex- 
pressed by equations^ called the eqtuitions of the lines 
and surfaces. 

3°. The properties and relations of the lines and sur- 
faces are then deduced from these equations, by discus- 
sion and interpretation. 

This method of investigation is often called the method 
of co-ordinates. , „ .. — 
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Dmsion of the Subject. 

3. Analytical Geometry may be divided into two 
parts: Analytical Oeometry of (wo dimensionsy which 
treats of lines lying wholly in a single plane, and 
Analytical Oeometry of three dimensions^ which treats 
of lines and sur&ces sitnated in any manner in space. 

In the former, two co-ordinates are sufficient to de- 
termine the position of a point; in the latter, three co- 
ordinates are necessary. 

Systems of Co-ordinates in a Plane. 

4. Any point of a plane is determined in position, if 
we know its distances from any two straight lines of 
the plane, that intersect each other. A point is also 
determined in position if we know its direction and its 
distance from a fixed point of the plane. 

Both these methods of determiniog the positions of 
points are in common use, and each forms the basis of 
a system of co-ordinates. The system in which points 
are referred to straight lines is called the rectilinear 
system^ and that in which they are referred to a fixed 
point is called the polar system. 

Rectilinear System. 

6. Let X'X and Y'Y 
be two straight lines in- 
tersecting at A, and let 
P be any point in their 
plane. Draw PO parallel 

to YA. The point P is x^ 

given in position if we 
know AO and OP. 
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The lines X'X and YTT are called coordinate axes, 
and the point A is called the origin of co-ordinates. 

The line X'X is called the axis of abscissas, or, the 
axis of X. It may have any direction, but it is usually 
assumed to be horizontal 

The line Y'Y is called the axis of ordinaies, or, tlie 
axis of y. It may make any angle with the axis of x, 
but it is generally taken perpendicular to it. If the 
axes are perpendicular to each other, the system is said 
to be rectangular, otherwise it is obliqtie. 

The distances OP and AO are rectilinear co-ordinates 
of P; OP is the ordinate, and AO the abscissa. 

The ordinate of a point is its distance from the axis 
of X, measured on a line parallel to the axis of y. The 
point 0, from which the ordinate springs, is called its 
foot, and the point P, where it terminates, is called its 
extremity. 

It is agreed to consider distances estimated upward 
as positive; consequently, distances estimated downward 
are to be regarded as negative. Hence, if a point P is 
above the axis of x, its ordinate is positive ; if below the 
axis of X, its ordinate is negative ; and if on the axis of 
X, its ordinate is 0. 

The abscissa of a point is the distance from the ori- 
gin of co-ordinates to the foot of the ordinate. The 
point A, from which it springs, is the origin; and the 
point 0, at which it terminates, is its extremity. 

It is agreed to consider distances toward the right as 
positive; consequently, distances estimated to the left are 
to be regarded as negative. Hence, if P is to the right 
of the axis of y, its abscissa is positive ; if it is to the 
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left of the axis of y^ its abscissa is negative; and if it 
is on the axis of y, its abscissa is 0. 

Of two ordinatesy or of two abscissas, that is the 
greater whose extremity is nearer to + qo, and that is 
the Use whose extremity is nearer to — oo . 

Construction of Points. 

6l If the abscissa of any point be denoted by :r, and 
its ordinate by y, the point itself may be represented by 
the expression (a;, y) ; thus, the expression (2, 3) repre- 
sents the point whose abscissa is 2, and whose ordinate 
is 3. By giving proper yalues to x and y, the expres- 
sion {x, y) may be made to represent any point in the 
plane of the co-ordinate axes. If the values of x and y 
are known, the corresponding point is said to be giveny 
and its position may be constructed as follows: 

Lay off from the origin, on the axis of x, a distance 
equal to the given abscissa, to the right when the ab- 
scissa is positive, and to the left when it is negative ; 
from the extremity of this distance lay off on a line 
parallel to the axis of y, a distance equal to the given 
ordinate, upward when the ordinate is positive and 
downward when it is negative; the extremity of the 
last distance is the position of the given point. 

EXAMPLES. 

1. Construct the point, 

(2, 3). 

Solution. — Lay off AO to the right equal to two units 
of a given ■ scale ; on a line parallel to AY lay off OP 
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upward and equal three parts ^, Y f^ 

of the same scale ; P is the 
required point 

2. GonStrnct the point, 

(-3, 2). 



X 0' 



r 



Y' 

Fio. 2. 



Solution,— Iaj oflT AO' to 
the left, equal to three units ; 
then lay- off CT' upward, equal to two units ; P' is the 
required point. 

3. Construct the point, 

(-H, -3). 

Solution. — Lay off AO" equal to IJ units to the left 
and O'T" equal to 3 units downward; P" is the re- 
quired point 

4. Construct the point, 

(3, -2). 

Solution.— Iaj off AO'" equal to three units to the 
right, and 0"T'" equal to two units downward: P'" is 
the required point. 

5."^ Construct the straight line whose extremities are, 

(3, —2) and (4, 2). 

6. Construct the triangle whose vertices are, 

(-4,3), (-2, 1), and (3,5). 
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Polar System. 

7. Let A be a fixed point of 
a plane, AX a fixed line and P 
any point of the plane. Draw 
AP. The point P is given in 
position if we know the angle 
XAP and the distance AP. 

The line AX is called the 
initial line, and the point A is called the pole. The 
initial line may have any position in the plane, but it is 
usually drawn through A horizontally to the right. 

The angle XAP and the distance AP are the polar 
co-ordinates of P. The former is called the direction-- 
angle, and the latter is called the radius-vector. 

The direction-angle is estimated from the initial line 
around to the radius-vector, as in trigonometry; the 
radius-vector is estimated from the pole outward. The 
direction-angle is usually positive, but the radius-vector 
may be either positive, or negative. In the latter case, 
the position of the point is on the radius-vector, pro- 
longed backward through the pole. 

Constniction of Points in the Polar System. 

8. If the dii'ection-angle of any point be denoted by 
0, and its radius-vector by r, the point itself may be 
represented by the expression (^, r). By giving suitable 
values to ^ and r, the expression (</>, r) may be made 
to represent any point in the plane. If the values of 
and r are known, the corresponding point is said to be 
given, and its position may be constructed as follows: 

Draw a line £rom the pole, making an angle with the 
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initial line equal to the value of ^; on this, lay off 
from the pole, a distance equal to the value of r; the 
extremity of this distance is the required point. 

examplbs. 

1. Construct the point, P 

(45°, 4). 

Solution. — Prom A draw a line 
making the angle XAP equal to 
45°; lay oflf AP equal to four 
units of a given scale ; P will be the required point. 

2. Construct the points, 

(180°, 3) and (90°, 6). 




Fia. 4. 



II. Relative Position of two Points in a 
Plane. 

Proposition 1, — To deduce a formula for the 
distance between two points^ in terms of their 
rectangular co-ordinates. 



9. Let P and Q be the 
points. Draw their ordinates, 
and through P draw PC par- 
allel to AX. 

Denote the first point by 
{x\ y% the second point by 
{x'\ y")y and the distance be- 
tween them by d. 
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From the figure we have, 

But, 

PQ = rf, PO=:a?"-a;', and CQ = y"-y'. 

Substituting these values, we have, 
Hence, 



TTAtc^ %8 the required formula. 

BXAMPLES. 

1. Find the distance from the point (—8,-2) to 
the point (3, 7). 

Ans. rf = V(3 + 8)2 + (7 + 2)a = 14.21. 

2. Find the distance from (—3,-4) to (3, 4). 

Ana. d=vWTW=10. 

3. Find the distance from (4 2) to (8, — 4). 

Ans. 7^1. 

4. Find the distance between the points (— 2, — 4) 
and (6, 7). Ans. 13.6. 

5. Find the sides of the triangle whose vertices are 
(1,6), (2,-3), and (4,-6). 

Ana. 9.06, 12.37, and 3.6. 

The preceding results may be verified by constructing 
the given points, and then measuring the distances be- 
tween them by a scale of equal parts. 



BBLAtrvB posmoK OP ponrrs. 



17 



Proposition 2.— To find the inclination of the 
line joining two given points. 

10. The inclination of a line is the angle that it 
makes with the axis of x. The vertex of this angle is 
the point in which the line^ or line produced, intersects 
the axis of Xy and the angle itself is estimated from the 
positive direction of the axis of x around to the given 
line, as in trigonometry. The inclination may have any 
value from to 180°. 

Let P and Q be the two 
points, PQ a Hne joining them, 
and PG a Une parallel to the . 
axis of x. Then will BHQ, or 
its equal, CPQ, be the required 
inclination. 

Denote the first point by 
{^\ y')y the second point by (»'', y")y and the angle 
CPQ by e. 

From the figure, we have, 
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But, 



tan^ = g^- 



CQ = y'' — y' and PO = a;" — a?'. 



Substituting these values, we have, 



tan0 = L|7 

X — X 



m 



which is a formula for finding the tangent of the incli- 
nation. 

The tangent of the inclination is called the %lopB of 
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the line. The word slope, as here employed, is nearly 
synonymous with the term grade in engineering. 

In applying formula [2], to find the slope of a line 
through two points, we always subtract the ordinate of 
the first point from that of the second, for the numera- 
tor, and the abscissa of the first point fix)m that of the 
second, for the denominator. 

Of two given points, that is the first which has the 
smaller abscissa (Art 5). Hence, the denominator of 
the slope is always positive. The slope itself is posi- 
tive if y" > y', and negative if y" < y'. In the 
former case, the line slopes upward in passing from the 
first point toward the second; and in the latter case, it 
slopes downward. When a line slopes upward, its incli- 
nation is less than 90°; when it slopes downward, its 
inclination is greater than 90°. 

If the slope is known, the inclination can be found 
directly, from a table of natural tangents, or indirectly, 
from a table of logarithmic tangents. In the latter case, 
we add 10 to the logarithm of the slope (disregarding 
the sign), and take the corresponding angle from a table 
of logarithmic tangents. If the slope is plus, the angle 
thus found is the required inclination; if the slope is 
minus, the angle found is the supplement of the incli- 
nation. 

EXAMPLES. 

1°. Find the slope and inclination of a line joining 
the points, 

(2,3) and (5,-1). 
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Solution. — We have flx)m equation [2], 
• , ^ -1-3 4 

.-. log tan = log 4 — log 3 + 10 = 10.124939. 
The corresponding angle is 
63° 7' 48'' ; .-. = 180°— 63° T 48" = 126^ 62' 12". 

2°. Find the slope and inclination of Jhe line joining 

the points 

(-3,-4) and (3,4). 

An8. tQ,ne=:p and (? = 63°r48". 

3°. Find the slope and the inclination of a line join- 
ing the points, 

(-8,-2) and (3,7), 

to the nearest minute. 

.Ans. tan0 = . 818181; and = 39° 17'. 

4°. Find the slope and inclination of the Hue joining 

the points, 

(1, 6) and (12, — 3), 

to the nearest minute. 

Ans. tan = - 0.818181 ; and = 140° 43'. 

6°. Find the slope and inclination of the line passing 
through the points, 

(1, 6) and (14, - 6), 

to the nearest minute. 

Ans. tan = - 0.923077 ; and = 137° 17'. 
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III. Of the Straight Line.^ 

Proposition 8. — Jb find the eqwation of a 
straight line referred to rectungular axes. 



U. The equation of a line is an equation that ex- 
presses the relation between the co-ordinates of every 
point of the line. 

Let AX and AY be rectan- 
gular co-ordinate axes; HQ, 
any straight line in their plane ; 
P, any point of that line ; OP, 
the ordinate of P ; and let ED X' 
be parallel to AX. 

Denote the co-ordinates AO 
and OP by x and y; the distance AE by J; the incli- 
nation AHE, or its equal, DEP, by ^; and let the tan- 
gent of 6 be denoted by a. 

From the figure, we have, 

OP = OD + DP. 

But, 

OP = y, OD=:AE = *, and DP = EDtan0 = aic 




Substituting these values, we have, 
y zziax ^b . 



[3] 



But the point P is, by hypothesis, any point of the 
line HQ; hence, equation [3] expresses the relation be- 
tween the co-ordinates of every point of HQ; it is, 
therefore, the equation of that line, which was to be 
found. 
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Definitions of Constants and Variables. 

12. The equation of a line contains two kinds of 
quantities: constants, whose values do not change for 
the same line, and variables, which admit of all possible 
values that will satisfy the equation into which they 
enter. In equation [3], a and b are constants, and z 
and y are variables. 

Constants are of two kinds: absolute constants, whose 
values are fixed; and arbitrary constants, to which we 
may assign any reasonable values. In equation [3], a 
and b are arbitrary constants. 

The quantity b, which denotes the distance AE, is 
called the intercept; by giving it a suitable value we 
may make HQ pass through any point on the axis of y. 
The quantity a, is the slope; by giving it a suitable 
value, we may make HQ take any direction with respect 
to the axis of x, 

K the constants that enter the equation of a line are 
arbitrary, the line is said to be given in kind, that is, 
it may be any line of a given class ; if the constants are 
absolute, the line is said- to be completely given, that is, 
the equation represents some particular line of a given 
class. 

The variables represent the co-ordinates of each and 
every point of the line ; that is, if x represents the ab- 
scissa of any point of the line, y represents the ordinate 
d the same point. This principle enables us to find the 
co-ordinates of diflferent point* of a line whose equation 
is given. To do this, assume any value for x; substitute 
it in the given equation and deduce the corresponding 



22 ANALYTICAL GEOMETRY. 

valae of y ; the assamed and deduced values will be the 
co-ordinates of one point of the Une. In like manner 
the co-ordinates of other points may be found. 

It is customary to assume ralues for x and to deduce 
corresponding values for y; for this reason, x is called 
the independent variable, and y is then said to be a 
function of x. One quantity is a function of another 
when the two quantities are so connected that no change 
can take place in the latter, without producing a corres- 
ponding change in the former. The fact that two quan- 
tities are so connected, may be expressed as foUows 

y = f(a;), or f{x, y) = 0. 

The former equation shows that y is a function of Xy 
and the latter that x and y depend on each other, with- 
out indicating which is the function, or which the inde- 
pendent variable. 

Proposition 4.— Jb show that every equation of 
the first degree between two variables is the 
equation of a straight line. 

13. Every equation of the first degree between two 
variables can be reduced to the form, 

my + nx+p = (L) 

Solving with respect to y, we have, 

» = -S^-^ (2) 

mm 

which is identical in form with equation [3], hence, it is 
the equation of a straight line ; the equation from which 
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V 

it was derived is, therefore, the equation of a straight 
line, which was to be proved. 

The intercept of the line (2) is — — , and its slope 
is ; hence, to find these elements, from the equation 

of a straight line, we solve the equation with respect to 
y; the coefficient of x in the resulting equation is the 
slope, and the absolute term is the intercept. 

In equation (1) there are apparently three arbitrary 
constants, whereas there are in reality but two, as is 
shown in equation (2). Before judging of the number 
of arbitrary constants in an equation, let both members 
be divided by the coefficient of one of the terms; the 
number of constants remaining will be the true number. 
Every line can be made to fulfill as many reasonable 
conditions as its equation contains arbitrary constants. 

Construction of a Straight Line. 

14. Let it be required to construct the line whose 
equation is, 

8y — 6a? — 5 = 0. 

Solving with respect to y, we have, 

3 . 5 

Here the intercept is ^ and the slope j. 

Lay oflf AE equal to - ; through E draw ED par- 

o 

allel to AX, and make it equal to 1 ; through the ex- 



u 
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tremity D, draw* DP perpen- 
dicular to ED and make it 

equal to j ; then will EP be 

the required line, because it 
has the same intercept and 
the same slope. 

In like manner, other lines 
may be constructed. 

K the intercept is negative, AE is to be laid off 
downward; if the dope is negative, DP is to be laid off 
downward. 

EXAMPLES. 

V. Construct the line, 

3a: — 2y + 4 = 0. 
2°. Construct the line, 

2a? — y — 3 = 0. 
3°. Construct the line, 

y + 2a; — 4 = 0. 

lines may be constructed by points. To illustrate 
the method, let us resume the line whose equation is, 



8y — 6a; — 6 = . . 
Making a; = 1, in equation (1), we find. 

Again, making x = 2, we find. 



(1) 
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(2, H). 
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Hence, the points, 

(1, 1*) and 
are points of the given line. 

Construct these points by 
the method of Article 6, and 
draw a straight line through 
them; this will be the re- 
quired line. 

In like manner, other Unes 
may be constructed. 

Let the following lines be constructed by points: 

4^ 3a; — 2y + 6 = 0. 

5° 2a; — 6y — 1 = 0. 

6"*. 3a; + 2y + 5 = 0. 

7°. - a; -^. 3y — 4 = 0. 

To find the point in which a line cuts the axis of 
a;, we make y = in the equation of the line, and the 
corresponding value of x will be the abscissa of the 
point of intersection. ' 

In like manner, if we make a; = 0, and find the cor- 
responding value of y, it will be the ordinate of the 
point in which the line cuts the axis of y. 

Making y = 0, in equation (1), we find, 



x=—^. 



Making a; = 0, we find, 



5 

'8' 
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Henoey that line cuts the axis of x at the point 
(— i> ^)> ft^d the axis of y at the point (0, |). 
These results may be used as checks, to test the accn- 
. racy of the preceding constructions; they may also be 
used as a means of constructing lines by points. 

Proposition 6. — To find the eqiuaUon of a 
straight line passing through a given point. 

15. Let («', y') be the given point; assume the equa^ 
tion of *a straight line, 

y = ar + 4 [3] 

If the giyen point is on this line, its co-ordinates 
must satisfy the equation of the line, giving, 

y' =««' + * (1) 

Conversely, if equation (1) is satisfied, the line [3] 
must pass through the given point. Introducing this 
condition by subtracting (1) fix)m [3], we have, 

y-y'-a{x-^x') [4] 

which is the equation of a straight line, with the condi- 
tion introduced that it shall pass through the given 
point; it is, therefore, the required equation. 

Equation (1) is called an equation of condition. An 
equation of condition is an equation that must be satis- 
fied in order that a given condition may be fulfilled. 

To find the equation of condition that places a point 

on a Ii»«>/e substitute the coordinates of the point 

for the variables, in the equation of the line; if the line 

is completely given, and the position of the point is ar- 
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Utraryy the resulting equation is the equctiion of condi- 
tion that places the point on the line; if the line is 
given in bind, and the posjlion of the point is fiocedy the 
resulting equation is the equation of condition that 
causes the line to pass through the point. 

It may be shown that * 
equation [4] is the equation 
of a straight Une passing 
through the point (x\ y') as 
follows: 

Let P be the given point 
{x\ y'), and let Qbe any point 
of the line HP, denoted by 

Prom the figure we have, 




But, 



CQ = PCtanCPQ. 



CQ = y — y', PC = re — x'y and tan CPQ= tan^ = a. 

Substituting these values, we have, 

y^y'=za{x^ 7l\ 

which is the same as equation [4]. 

The value of a in this equation is arbitrary, as it 
should be ; for, an infinite number of straight Hues can 
be drawn through {x\ y'). 



Proposition 6.— To T^T^rf the equation of a straight 
line passing through two given points. 

16. Let {x\ y') and {x", y") be the given points; 
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assnme the equation of a straight line passing through 
the point {x', y'), 

y-^y' = U{x — x') [4] 

If we make a, in equation [4], equal to the slope of 
the line joining {x\ y') and {x", y"), (Art 10), the re- 
sulting equation will he the equation of a straight line 
passing through hoth the given points. 

Making this substitution, we have, 

y-y'=fel^^-*'> • • • • f^3 

which 18 the required equation. 

EXAMPLES. 

1. Bequired the equation of a straight line passing 
through the points, 

(2, 3) and (3, 2). 

Ans. y =: — a; + 6. 

2. Find the equation of a straight line passing through 
the points, 

(-2, 3) and (3, -2). 

Ans. y= — ir + 1. 

3. Find the equation of a straight line passing through 
the points, 

• (4, -|) and (2, -\). 



z 



Am. y=-g 



8" 
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Proposition 7,— To find the intersection of two 
lines. 

17. K two liues intersect, the co-ordinates of their 
common point must satisfy the equations of both lines 
at the same time; that is, they must make the equa- 
tions simultaneous; conversely, the values of x and y 
that make the two equations simultaneous, must be the 
co-ordinates of the point of intersection. Hence, to find 
the intersection of two lines, combine their equations 
and find the corresponding values of x and y; these 
will be the co-ordinates of the required point. 

Let it be required to find the point of intersection of 
the straight lines, whose equations are as follows: 

Combining these equationsi, we find, 

a; = 4 and y = 3 ; 

hence the two lines intersect in the point, 

(4, 3). 

These values of x and y may be verified by substitut- 
ing them in the given equations. Making the substitu- 
tions, we see that both equations are satisfied. 

EXAMPLES. 

1°. To find the intersection of the following lines, 

3a; + 7y = 47, 
and, 

8a;- y = 27. Ans. (4,6). 
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2^. Find the intersectiou of the lines, 

3a; + 2y — 1^ = 0, 
and, 

4a:-+3y — 17 = 0. 



Ans. {2, 8). 



3°. 


Pind the intersection of the lines, 


and, 


a« + 9y — 20 = 0, 

4x + y —6 =0. 

Ans. (1, 2). 


4°. 


Find the intersection of the linear 




| + 2y -5=0, 


ond,- 


«^-i «^1 = 0. 



Ans. (3, 2). 
Let the above results be verified by construction. 

Proposition 8.— To deduce a formula for finding 
the angle between two straight lines. 

18. Let DP and BP 

be the two lines. De- 
note the inclination of 
DP by By the inclination 
of BP by e\ and the re- 
quired angle BPD by a. 
We have, (Legendre, B. 
L, Prop. 25, cor.), 




Pio.lt 
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Hence (Trig., Art 65), 

But tan Oy and tan 0', are the slopes of the giyen 
lines; denoting these by a and a' respectiyely, we haye, 

tana=::7— — — [6] 

whwh is the required formula. 
The two. lines will be parallel if tana = 0; that is, i^ 

a' = a [7] 

The two lines will be perpendicular to each other if, 

tan a = 00 , 

that is, if, 

1 + a'a = 0, 
or if, 

«'=-i [8] 

Equation [7] is the equation of condition for parallel 
lines, arid equation [8] is the equation of condition for 
perpendicular lines. 

To find the angle between two given lines, solve their 
equations with respect to y ; the coefficients of x will be 
the values of a' and a, which substitute in equation [6]. 
Having found the tangent of a, the angle can be found 
as explained in Article 10. Thus, let it be required to 
find the angle between the lines whose equations are, 

3a; + 2y — 12 = 0, 
and« 

4x + y— 6 = 0. 
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Solijing with respect to y, we have, 



and, 
Here, 

and, 
hence. 



3 

a= — 4; 
^-^=l±f = — • .-. a = 19° 39'. 



In this and in the following examples the angle has 
only heen found to the nearest minute. 



EXAMPLES. 

1. Find the angle between the lines whose equations 

are, 

2rr — 9y — 2 = 0, 
and, 

3a; — 5y — 20 = 0. 

Ans. a = 18° 26'. 

2. Find the angle between the lines whose equations 

are, 

5a: + 4y — 52 = 0, 
and, 

3a; + 7y — 45 = 0. 

Ans. a = 28° 9'. 

3. Find the angle between the lines whose equations 
are. 
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and; 

3 + ^-13-0. 

Am. = 22° 37'. 

By means of formnlas [6], [7], and [8], a line already 
subjected to the condition of passing through a given 
pointy may also be made to form a given angle with a 
given line. 

Let it be required to find a line that shall pass 
through the point (3, 4)^ and make an angle of 45° with 
the line whose equation is, 

4a; — 2y + 5 = 0. 
Solving this equation with respect to y, we have, 

y = ^ + l (1) 

Making a;' = 3 and y' = 4, in equation [4], we have 
for the equation of any Kne through (3, 4), 

y — 4 = a(rr-- 3) (2) 

Making tan o = 1 and a' = 2, in formula [6], we have, 

Substituting this value of a in (2), we have, 
y-4 = l(a;-3), 
whieh is the equation of the required line. 
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To make the line (2) parallel to the line (1), we haye 
Bunply to make, 

a=:a; 
whence, 

To make the line (2) perpendicular to the line (1), 

we make, 

1 1 

whence, 

jr-4 = -|(it-3). 



PROBLEMS. 

1°. Find the equation of a line through the point 
(3, — 4), that shall make an angle of 45^ with the line 

6a; — 4y — 62 = 0. 

Ans. y + 4 = -(a; — 3). 

2°. Find the equation of a line passing through the 
point (3, — 4), and parallel to the line, 

6a; -. 4y -. 52 = 0. 

Am. y + 4 = j(a:~3). 

3°. Find the equation of a line passing through the 
point (4> 1), and perpendicular to the line, 

y + 4 = |(«-3). 

4 
Am. y — 1 s=: ~ -{x — 4). . 
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4^ What condition will make the line, 

y ::^ax + b, 

perpendicnlar to the line, 

5aj — 4y — 62 = ? 

Ans. a = — -. 
o 

5^. Find the shortest distance from the point (10,2.9) 

to the line, 

5y — 4c + 6 = 0. 

. The equation of a liae through (10, 2.9), perpendicular 
to the given line, is, . 

y — 2.9 = — J (a: — 10). 

This line intersects the given line in the point 
(8,6.4). 
The distance between the points, 

(10, 2.9) an^ (8, 5.4) 

is equal to. 



^^(2)2 + (-. 2.5)'* = VlO.25 = SJir 4ns\ - 

6^ Find the perpendicular distance fiom the point 
(1, — 2) to the Ime, 

re + y = 3. 

Ans. 2v^. 
7°. Find the angle between the lines, 

a; + 3y=:l, 
and, 

x^2y = l. 

Am. 45^ 
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8^ Find the distance from the origin to. the line, 

3a; + 4y + 20 = 0. 

Aw. 4. 

9^ Find the equations of the sides of the triangle 
whose yertioes are, 

(-4,-.!), (2,1), and (3,-2). 

Ans. 3a? + y = 7 
a; + 7y =:: -11 
a; — 3y = — . 1. 

10°. Find the perpendicular distance from each vertex 
of the preceding triangle to the opposite side. 

Ana. 2v^, VlO, and 2 vio. 

11°. Find the yertioes of the triangle whose sides are 
given by the equations, 

3a;+ y = 2 
a; + 2y = 5 
2a; - 3y = — 7. 

12*^. Find the equation of the line passing through 
the point (2, 3) and the intersection of the lines, 

2a; + 3y = — 1 
3a; — 4y = 5. 

Am. 64fl; — 23y =: 69. 
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IV. Transformation of Co-oRDiNATEa 
Definitions of Terms. 

19. It is often desirable to change the reference of 
points from one s}rsteni of co-ordinates to another; this 
change is effected by means oi formulas. 

The system from which we pass, is called the primi- 
tive system; that to which we pass, is called the nsw 
system. The co-ordinates of a point referred to the 
primitive system are called primitive coordinates; the 
co-ordinates of a point referred to the new system are 
called new co-ordinates. 

The formulas for passing from the primitive to the 
new system give the values of the primitive co-ordinates 
of any point, in terms -of the new co-ordinates of the 
same point, and also of certain arbitrary constants, which 
are called the elements of the new system. 

Proposition 9.— To deduce formulas for passing 
from a rectangular system to an oblique system^. 

20. Let AX and AY be the primitive aaces; 
A'X' and AT' the new 

axes; and P any point in 
their plane. Let AO, OP, 
be the primitive co-ordinates 
of P; A'O', OT, the new co- 
ordinates of P; AE, EA', the 
co-ordinates of the new ori- 
gin; and let FO' be parallel ' Fi©. m. 
to AY, and let A'Q and O'O be. parallel to AX. 
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Denote AO and OP by a; and y; A'O' and OT, by 
tI and \( \ AE and EA', by m and n; the inclination 
of A'X'y eqnal to QA'X', by a ; and the inclination of 
AT', equal to COT, by a'. 

From the figure, we have, 

AO = AE + EP + FO, 
and, 

OP = OQ + QC-fCP; 

but, 

A0 = «, AE = m, EP = a;'cosa, PO = y'coso'; 
and, 

0P = y, 0Q = n, Q0 = a;'8ina, OP = y' sin a'. 

Substituting these values, we have, 

a; = m + a;'cosa + y'cosa' .... [9] 

y = n + cc'8ina + y'sina' .... [10] 

wAicA are the required formulas. 

In equations [9] and [10], the quantities m, n, a, and 
a! are elements of the new system; by giving them suita- 
ble values, the new system may be made to fulfill any 
reasonable conditions. By giving proper values to m and 
w, the new origin may be made to coincide with any- 
point of the plane ; by giving proper values to a and a' 
the new axes may be made to have any inclination to 
the primitive axis of x. 

Proposition 10.— To deduce formulas for pass- 
ifig from one rectangular system to another. 

21. If we make, 

a'-a = 90% 
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the new axes will be perpendicular to each other. This 
supposition gives, 

a' = 90° + a, .-. cosa'=— sina, 
and, 

sin al = cos a . 

Making these changes in [9] and [10], we have, 

a; = m -f a^'oosa — y'sina . . . .[11] 
y = w + ic'sina + y'cosa . . . .[12] 

which are the required formulas. 

In these equations m, n, and a are arbitrary constants. 
K we make a = in [11] and [12], they become, 



x-=zm + x' 
yz=n + y' 



[13] 
[14] 



which are formulas for passing from a rectangular sys^ 
tern to a parallel rectangular system. 



Proposition 11. — To deduce formulae for pass^ 

ing from a rectangular, to a polar system. 

t 

22. Let AX aad AY be the 
primitive axes; P any point in 
their plane ; A' the pole ; and A'X' 
the initial line of the new system. 

Let AO and OP be the primi- 
tive co-ordinates of P; AE and 
EA', the co-ordmates of A'; X'A'P 
and A'P the polar co-ordinates of fw. la 

P; and let A'B be parallel tq AX 
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Denote AO and OP^ by x and y ; AE and EA' by m 
and n; X'AT by 0; AT by r; and RAX by a. 
From the figure, we have, 

AO = AB + EO, 
and, 

OP = OB + EP; 
but, 

A0 = », AE = m, EO = rco8(0 + a); 

OP = y, OR = n, EP = rsin(^ + a). 

Substituting these values, we have, 

a; = m + r cos (0 H- a) [16] 

y = » + rsin(0 + a) [16] 

which are the required formulas. 

In [15] and [16] w, w, and a are the arbitrary ele- 
ments of the new system. 

Proi)Osition 12. — To find the equation of a 
straight line referred to oblique axes, the Origin 
being unchanged, and the new axis of x coincide 
ihg with the primitive one. 

23. Assume the equation, 

y = ax + b [3] 

Making, m, n, and a equal to in equations [9] and 
[10], tiiey become, 

x=:x' +y'ooQa', 
y = y'6ina'. 



TBANSFOBMATIOK OF CO-ORDINATES. 41 

Substituting these in [3], we hare, 

y'mia' =za (a?' + y' cos a') + J. 

Solying with respect to y' and dropping the dashes 
from x' and y\ because they are general co-ordinateSy we 
haye, 

y = -: — -, ?« + -: — ; 7 • • (1) 

^ sina' — acosa sina — acosa ^ ' 

which can be written under the form, 

y = a'x + V [17] 

Hence, the required equation is of the same form as 
that of a straight line referred to rectangular axes. 

K we make, a? = 0, in [17], we find y = J' ; hence, 
V is the new intercept 

If we substitute for a, its value, tan ^, (Art. 11), re- 
membering that, 

sin B 



tan0 = 



COS0' 



and then multiply both numerator and denominator by 
COS0, we have, 

, sin sin 



sin a' cos —- cos a' sin sin(a'— 0)' 

Hence, a\ is the ratio of the sines of the angles that 
the line makes vnth the new co-ordinate axes. 

By a process entirely analogous to that employed in 
Article 16, we can deduce the equation of a straight 
line through one point, and also the equation of a 
straight line through two "points, when referred to oblique 
axes, as follows: 



42 AJiALTTICAL OBOKEIBY. 

y — y'= a' (« — «') . . . . [17a] 

y^y'=.^J^(x^af) . . . [m] 

These equations are the same in form as [4] and [5], 
but the coeflBieient of the second member, in each, is 
the ratio of the sines of the angles that the line makes 
with the new axes. 

It is to be observed that all the formulas for trans- 
formation are of the first degree; hence, the degree of 
an equation will not be changed in passing from one 
system to another. 

V. Of the Circle. 
Definition of Tenns. 

24. The locus of a point is the path described by 
that point, when moving according to some fixed law. 
The moving point is called the generatrix of the line. 

The locus of a line is the surface described by that 
line, when moving according to some fixed law. The 
moving line is c^ed the generatrix of the surface, and 
any position of the generatrix is called an element of 
the surfece. 

The locus of an equation is a line, or surface, such 
that the co-ordiuates of all its points satisfy the equa- 
tion. Thus, the locus of the general equation of the 
first degree between two variables, is a straight line. 

A circle is a plane curve that may be generated by a 
point, moving so as always to be at a fixed distance 
from a given point. This fixed distance is ca-Ued the 
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radius^ and the giyen point is called the centre of the 
circle. 

A diameter is a straight line passing through the 
centre and limited by the curve. The points in which 
a diameter meets the curve are called vertices of the 
diameter. The horizontal diameter is called the princi^ 
pal diameter, and its left hand vertex is called the prin- 
dpal vertex of the circle. 

In Plane Geometry, the term circle is used to denote 
the area bounded by the curve, which is called the cir^ 
cumference ; in Analytical Geometry, the term is appUed 
indifferently, both to the area and to the bounding 
curve. 

Proposition 13.— To find the equation of a circle 
referred to rectangular axes. 

25. Let AX and AY be the 

axes; C the centre of the circle; 
P any position of the genera- 
trix; and let CD be parallel to 
AX. 

Denote the co-ordinates, AO 
and OP, by x and y\ the co-or- 
dinates, AB and 60, by m and 
n\ and the radius OP by r. 

Prom the figure, we have, 




but. 



0D3 + DP2 = 0P8; 



OD = a? — w, DP = y — w, and OP = r. 
Substituting these values, we have, 

(aj - w)2 + (2^ - n)2 = r^ . . . . [18] 
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This eqaation is true for every position of P; hence, 
it expresses the relation between the co-ordinates of 
every point of the circle; it is, thereforey the equation 
of the circle, which was to be found. 

The quantities, m, n, and r, are arbitrary constants; 
by giving them suitable values, equation [18] may be 
made to represent any circle that can be drawn in the 
plane of the co-ordinate axes. To illustrate, let it be 
required to iBnd the equation of a circle that shall pass 
through the three points (2, 8), (5, 7), and (7, 3). Sub- 
stituting these, in succession, for z and y, in [18], we 
find the equations of condition that cause the circle to 
pass through the given points, as follows (Art 15): 

(2 — m)a + (8 — n)« = r» 
(5 - m)« + (7 - »)« = H 
(7 - my + (3 - ny = r» 

Combining these equations, we find, 

m = 2, w = 3, and r = 6. 

Substituting these in [18], we have, 

(a:-2)^+(y-3)2 = 25, 

which is the required equation. 

Other Fonns of the Equation of a Circle. 

26. If we make m=ir and t^ = 0, in equation [18], 

it reduces to, 

{X - rf + f = f^, 

which can be placed under the form, 

j/a = 2ra; — a:^ [19] 
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This is the equation of the circle when the axis of x 
coincides with the principal diameter^ and when the 
origin is at the principal vertex; it is called the equa- 
tion of the circle referred to its principal vertex. 

If we make m = and tj = 0, in equation [18], it 
reduces to the form, 

a;8 + y2 = r8 [20] 

This is the equation of the circle when both co-ordi- 
nate axes coincide with the diameters of the circle; it 
is called the eqtiation of the circle referred to its centre. 



EXAMPLES. 

1. Find the equation of a circle through the points, 

(-6,-1), (0,0), and (0,-1). 

Ans. {x + d)^ + {y + iy=z9i. 

2. Find the equation of a circle passing through the 

points, 

(-2,6), (4,-6) and (-2,-6). 

Ans. (a:-l)2H-(y + i)2 = 39i. 

3. Find the equation of a circle referred to its prin- 
cipal vertex, that shall pass through the point (2, 3). 

Ans. y^=:—x--a^. 

4 Find the equation of a circle referred to its centre, 
that shall pass through the point (4, 3). 

Ans. a« + y« = 25. 
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Discnssion of the Eqnattons. 

27. The discussion of an equation consists in making 
di£ferent hypotheses on the quantities that enter it, and 
then interpreting the results. 

1°. To find the points in which the circle intersects 
the axis of (m, vre make y = in the general equation 
of the circle, and find the corresponding values of x. 

Making y = 0, in [18], and solving, we have, 

If, n* < r*, the quantity under 
the radical sign is positive, and 
the. two values of x are real and 
unequal; this shows that the curve 
cuts the axis of x at two points. 

If, »2--,^^ the two values of 
X are real and equal; this shows 
that the curve touches the axis ^®- ^5. 

of a; in a single point; that is, the axis of x is tangent 
to the curve. In all similar cases, equality of values in- 
dicates tangency. 

If, n^ > 7^, the quantity under the radical sign is 
negative, and the two values of a: are imaginary ; this 
shows that the curve does not intersect the axis of x. 

In like manner, it may be shown that the curve cuts 
the axis of y in two points, if, m^<ir^\ that the axis 
of y is tangent to the curve, if, w^ == r* ; and that the 
curve does not cut the axis of y, if, m^ > r*. 
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The values of m and n that place the origin at the 
principal Teri;ex, also satisfy the conditions that cause 
the axis of x to intersect the curve in two points, and 
the axis of y to be tangent to it 

The values of m and n that place the origin at the 
centre, make each axis intersect the curve in two points. 

These results may be obtained directly, together with 
the values of the co-ordinates of the points, by the dis- 
cussion of equations [19] and [20]. 

2°. To find the limits and position of the curve with 
respect to the co-ordinate axes, we discuss equation [20]. 
Solving this equation with respect to y, we have, 

y=z± Vr* — a^. 

K, a;^ < r*, that is, for any value of Xy between — r 
and + r, the two values of y are real ; this shows 
that for every abscissa greater than — r and less than 
H- r, there are two points of the curve, and because 
the corresponding values of y are numerically equal, 
with contrary signs, the curve is symmetrically situated 
with respect to the axis of x. 

K, 2:3 = 7^, that is, if x is equal to — r, or to 
+ r, the two values of y are equal to 0; this shows 
that the" two lines drawn through the extremities of the 
principal diameter parallel to the axis of y, are tangent 
to the curve. 

If, a^yr'^, that is, for all values of x less than — r 
and greater than + r, the corresponding values of y 
are imaginary ; this shows that there are no points of 
the curve lying without the two tangents just described ; 



48 ANALYTICAL GEOKETBY. 

these tangents, therefore, limit the curve in the direc- 
tion of the axis of x. 

In like manner it can be shown that the curve is sym.- 
metricai with respect to the axis of y, and that it is 
limited in the direction of that axis by tangents drawn 
through the extremities of the vertical diameter, parallel 
to the axis of x. 

If the origin is taken at the principal vertex, the axis 
of a; is a line of symmetry, but the axis of y is not 
such a line. In the general case (equation [18]), neither 
axis is an axis of symmetry. 

3°. To find the relation between the ordinates of any 
two points of the curve, we may employ either equation 
[19], or [20]. Taking the latter, we place it under the 
form, 

ya=(r + a;)(r — a;). 

Let (a:', y') and (a:", y") be two points of the curve. 
The equations of condition that place these points on 
the circle are (Art. 15), 

y'2=(^ + a:')(r-.a:'), 
and 

y''a=(rH-a:")(r-a:"). 

Forming a proportion from these equations, we have, 

y'2 : y"2 . . (^ + x') (r - x') : (r + x") (r - x") . [21] 

But, r + X and r — «', are the two segments into 
which the ordinate y' divides the principal diameter; 
and r + of' and r — a?" are the segments into which 
the ordinate y" divides the same diameter; hence, the 
squares of any two ordinates of the curve, are to each 
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mneTy as the rectangles of the segments into which they 
divide the principal diameter. 

Proposition 14.--To find the polar equation of 
the circle referred to the principal vertex. 

28. The rectangnlar equation of the circle referred to 
the principal vertex is 

ya = 2rir — a^ [19] 

Making, m, w, and a equal to 0, in equationa [16] 
and [16], and at the same time replacing r, in these 
equations, by p, to distinguish the radius-vector from the 
radius of the circle, we have, for making the particular 
transformation, the equations, 

2; = pcos0, 
and, 

y = psin<^. 

Substituting these values in [19], we have, 

p^sin^^ = 2rpcos<^ — p^cos^^. 

Dividing through by p and reducing by the relation, 

sin^i^ + oos?</> = l, 
we have, 

p = 2rcos<if> [22] 

which is the required polar equation. 

For every value of <p from 0° to 90°, and from 270° 
to 360°, there is one positive value for p, and conse- 
quently one point of the curve. For all other values of 
the value of p is negative ; this shows that the radius- 
3 



50 



ANALYTICAL OSOMETBY. 



vector mnst be pioduoed backward to detennine points 
of tbe caire ooiresponding to these yalaes of 0. 

Proposition 15.— To find general equations of- a 
tangent and normal to any curve. 

29. Let OS aBsome 
the equation of a 
straight line passing 
through two points, 



y-y', 



a; —re 



li^-^') 
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y-9 _ 

" .'. . [5] 

If we impose the 

conditions that place 

both points on a given curve, equation [6] will become 

the equation of a secant, as PQ. The slope of the secant 

will be that value of ^, — ^ which results from a 

X —X 

combination of the equations of condition that place the 
points on the curva Denoting this slope by tan d, we 
have for the equation of the secant (Art 16), 
y — y' = tan 0{X'-x'). 

If the second point Q^ be moved along the curve 
toward the first point P, the secant PQ will revolve 
about P, approaching the tangent PT; when the point 
Q falls on P, which it will do if x" = x' and y" = y', 
the secant becomes a tangent to the curve at the point 
P, which is then called the point of contact. Denoting 
the corresponding value of the slope by tan 6\ we have, 
for the general equation of a tangent to any curve, 

y^y'z=:tAnff{x-^x') [28] 
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5X 



f-^ 



X" — z' 



becomesy 



In equation [23], tan^', is what 
when x" = x' and y'^ = y'. 

A normal line to a curve is a straight line perpendic- 
ular to a tangent at the point of contact To find the 
equation of a normal, assume the equation of any 
straight line through the point of contact, 



y — y' = a (a; — a;') 



W 



The equation of condition that makes this line per- 
pendicular to the tangent is (Art. 18), 



a = — 



tmO' 



[8] 



Introducing this condition into equation [4], we have, 
for the general equation of a normal line to any curve, 



y-y'=-d:w^--'^) 



[24] 



The subtangent is the distance finm the point in 
which the tangent intersects the 
axis of Xy to the foot of the ordi- 
nate of the point of contact. 

The subnormal is the distance 
from the foot of the ordinate of 
the point of contact to the point 
in which the normal intersects the 
axis of X. 

In the figure, PT is the tan- 
gent; PN, the normal; EP, the ordinate of the point 
of contact; TR, the subtangent; and EN, the subnormal 

The right-angled triangles TEP and PEN, have their 




Fig. 17. 
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sides mtitually perpendicular to each other; they are, 
therefore, similar. Hence, the angle BPN is equal to 
BTP, which we have denoted by 0\ The common side 
RP has been denoted by y'. Let us also denote the 
subtangent, TB, by S.T, and the subnormal, BN, by S.N. 
From the triangles TBP, and PBN, we deduce at once 
the formulas for the subtangent and subnormal as fol- 
lows: 

S-T=5|^ [25] 

S.N = ytand' [26] 

Proposition 16.— To find the equations of a tan- 
gent and normal to a cirele. • 

30. Assume the equation of the circle referred to its 
centre, 

a^ + f = f^ [20] 

The equations of condition that place the points 
(x'y y') and {x"y y") on this curve are, (Art 15), 

a.'2+y'a^^ (1) 

a;"a + y''2 = ^ (2) 

Subtracting (1) from (2), transposing and factoring, 
we have, 

(y" - y') iy" + yO = - (^" - <^1 K + x') .. (3) 

Dividing both members of (3) by {y" + y') (a" — x\ 
we have, 

y"-y' _ x" + a^ 

x" — x'~ y" +y' ' ' ' ' ^ ' 
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The second member of (4) is the slope of the secant, 
denoted by tan 0. ff we make x" = x", and y" = y', 
we find for the slope of the tangent, 

to^O'=-f^ (6) 

Snbstitnting in [23J/ we have, for the equation of a 
tangent to a circle, 

y-y' = ~|(^-^') .... (6) 

Beducing equation (6) to its simplest form, we have^ 

Substituting for the second member its value taken 

■from (1), we have, for the equation of a tangent to the 

circle; 

yy' + xx' = r^ (7) 

Substituting in [24], we have for the equation of a 
normal to a circle, 

y-y' = f!(^-^') (8) 

Substituting in [25] and [26], we find for the sub- 
tangent and subnormal, 

S.T = -|7 (9) 

S.]Sr=-a;' (10) 

The expression for the subnormal shows that the nor- 
mal passes through the centre of the circle. The same 
conclusion may be reached by making y = 0, in the 
equation of the normal, which gives xt=0'y this shows 
that the origin, (0, 0), lies on the normal. 
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PROBLEMS. 

l^ Find the points of intersection of the circle 

a? + j^ =3: 26, 
and the straight line, 

y + ar+ 1=0. 

Am. (— 4, 3) and (3, — 4), 

2^ Find the points of intersection of the circle, 

a« + ya = 25, 
and the straight line, 

3y + 4a? + 26 = 0, 

Ans. The straight line touches the circle at the point 
(-4,^3). 

3"^. Find the equation of a tangent to the circle, 

at a point whose abscisssa is \/7. 

Ans. \/7a:±3y — 16 = 

4°. Find the snbtangent in the preceding case. 

S.T=-4= 

5°. Find the points of contact of the two lines pass- 
ing through the point (7, 1} and tangent to the circle 

a? + y» = 26. 

Ans. (3,4) and (4,.— 3). 

6°. A limited straight line moyes so that its extremi- 
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ties are always in the co-ordinate axes; show that the 
locus of its middle point is a circle. 

7°. Find the centre of the circle whose equation ifi^ 

^ + a^ = 8 (a; + y). 

This equation may be written, 

(y - 4)2 + (a; - 4)« = 32.. 

Hence, the centre is at the point (4, 4). 

8. Given the two circles, 

(^-5)2 + (y-4)« = 4, 
(a;-2)2 + (y-l)« = l; 

to find a point such that the tangents drawn from it to 
the two circles shall be of equal length. 

Solution. — Let {x\ y') be the required point, and let t 
be the length of the tangent 

The distance from {x\ y') to the centre of either 

circle, the corresponding tangent, and the radius to its 

point of contact, form a right-angled triangle, in which 

the first distance is the hypothenuse, and of which the 

tangent is the base. Taking the first circle, we have the 

square of the hypothenuse equal to (x* — Sf+ {y' — . 4)^ 

(Art. 9), and the square of the perpendicular equal to 4. 

Hence, 

^2=(a:'-5)=i + {y'-4)2-.4 ... (1) 

In li^e manner, for the second circle, we have, 

^=(a;'-2)2+(y'-l)2-l ... (2) 
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Combining (1) and (2), and reducing, we have, 

y' = -^'+y (3) 

Bnt equation (3) is the equation of condition that the 
required point shall lie on the straight line whose equa- 
tion iSy 

y=-* + y (4) 

and furthermore the point may be anywhere on this line 
provided it is outside of both circles. 

The line whose equation is (4), is called the radical 
axis of the given circles. 

The equation of the line through the centres of the 
giyen circles is [5], 

or, 

y = x-l (5) 

Comparing (4) and (5), we see that the corresponding 
lines are perpendicular to each other, (Art. 18), that 
is, the radical axis of the circles is perpendicular to the 
line joining the centres. 

Any two circles have a radical axis, that is, a line 
such that the tangents drawn from any point of it to 
the two circles are equal. 

9''. Let it be proved that the radical axis of two inter- 
secting circles passes through the points of intersection. 

10°. Find a point from which the tangents drawn to 
three circles shall be equal. 
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Solution. — The point lies on the radical axis of the 
first and second circles, also on the radical axis of the 
first and third circles. Hence, it is at their intersection. 
Let this point he found for the three circles, 

(x-3Y + (y-iy=l, 
{x + iy + (y + 2y = 9. 

. I 79 166\ 
^^- (-28' W)- 

VI. Of the Parabola. 
Definitions of Terms. 

31. A Parabola is a plane qj^e that may be gen- 
erated by a point, moving so that it shall always be 
equally distant firom a fixed line and a given point 

The fixed line is called the directrix ; the given paint 
is called the focuSy and the straight line through the 
focus, perpendicular to the directrix, is called the prin- 
cipal axis of the curve. 

Construction of the Curve. 

32. The curve may be constructed by a continuous 
movement, or by points : 

1°. By continuous movement. Let BL be the direc- 
trix, and P the focus. Take a triangular ruler, DCL, 
right-angled at 0, and place one side, OL, on the direc- 
trix; take a string equal in length to CD, and fasten 
one end at F, and the other end at D ; then press a 
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pencil against the string, keep- 
ing its point, P, against the 
luler, and move the rnler 
along the directrix ; the pen- 
cil will trace ont a portion of 
the curve; for, in every posi- 
tion^ we shall have, 

FP=:OP. 




Fu. 18. 



2°. By points. Let BL be 
the directrix; F the focns; 

and DE the principal ojxis of a parabolai At any point 
of the axis, as E, draw EP per- 
pendicular to it ; with F as a 
centre and DE as a radius, de- 
scribe an arc cutting* the per- 
pendicular at P and P; these 
will be points of the curve ; for, 
we shall always have, 



FP = LP: 



L 


1 r\ 


H 


l^ 


D 


V 


E 


E 


B 


1 


K 


r 
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having found a sufficient num- 
ber of points, draw a line through them and it will be 
the required curve. 



Proposition 17.— To find the equation of a para- 
hola. 

33. Let DO be the directrix ; F the focus ; and BX 
the principal axis of a parabola. The middle point, A, of 
BF, vrill obviously be a point of the curve. Let this 
point, which is called the principal vertex of the curve. 
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be taken as the origin of co- 
ordinates. Let AX and AY 
be the co-ordinate .axes; P 
any point of the curve; AR 
and BP its co-ordinates. 

Denote AB and BP by x 
and y; and the distance AF^ 

equal to AB, by ^. 

From the right-angled tri- 
angle FBP, we have, 

EP = FP-FB«; 
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but, 



and, 



EP = y, FP = OP = a?+|, 



FB = AB-AF = a?-|, 



Substituting in the preceding equations, we have, 

whence, by reduction, 

y«==2pa; ...... . [27] 

This equation is true for every position of P; hence, 
it is the equation of a parabola, which was to be found. 

Equation [27] is called the eqtcation of the parabola 
referred to its principal vertex. 

Discussion of the Equation. 
34. 1°. To find the points in which the curve inter- 



60 AKALYTIGAL GSOMETBT. 

^ecta the axes. If we make y = in [27], we find 
a; = ; this shows that the curye cuts the axis of a; in 
but one point, and that point is the principal vertex. 
If we make a: = we find y = ± ; this shows that 
the axis of y is tangent to the curve at the principal 
vertex. The line AY is called the vertical tangent. 

2°. To find the position, limits^ and extent of the 
curve, with respect to the co-ordinate axes. Solving 
equation [27] with respect to y, we have, 

y=±V^ (1) 

The quantity 2p is arbitrary and may have any value 
firom — 00 to + 00 . ff we suppose 2p to be positive 
the values of y will be real for all positive values of x, 
and imaginary for all negative values of x ; this shows 
that the curve extends to an infinite distance in the di- 
rection of positive abscissas, and that it has no point 
whose abscissa is negative. The curve is therefore limited 
in the direction of negative abscissas by the axis of y. 
If we suppose 2p to be negative, it may be shown in 
like manner that the curve extends to an infinite dis- 
tance in the direction of negative abscissas, and that it 
is limited in the direction of positive abscissas by the 
axis of y. In what follows, we shall suppose 2p to be 
positive, unless the contrary is stated. 

We see fix)m equation (1), that for every value of x, 
corresponding to points of the curve, there are two values 
of y, numerically equal, but having contrary signs ; this 
shows that the curve is symmetrical with respect to the 
axis of X. 
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Solving equation [27] with respect to x, we have, 

^=1 (^> 

For every value of y, whether positive or negative, 
there will be a single, and consequently a real value of 
x; this shows that the curve extends to an infinite dis- 
tance in the direction of both positive and negative or- 
dinates. 

3°. To find the breadth of the curve through the focus. 
This breadth is called the parameter^ and is equal to 

the double ordinate through the focus. Making a;=:^, 

in equation (1), we have y=p\ hence, the double or- 
dinate is equal to 2p. But, from equation [27], we 

have the proportion, 

X \ y w y \^p (3) 

that is, the parameter is a third proportional to any ab- 
scissa and the corresponding ordinate. 

If the parameter is known, the curve can be con- 
structed by points, as follows: 

Lay off AB on the axis of 
X, to the left, equal to 2/?; as- 
sume any abscissa AP, and on 
BP, as a diameter, describe a 
semicircle cutting the axis of 
y in Q; draw PM and QM 
parallel to the co-ordinate axes, 
till they intersect at M. Then 
will M be a point of the curve; for, from a property of 
the circle, we have, 

QA2 = BAxAP; 
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but, 



QA = PM and BA = 2p. 



Substituting these yalues in the preceding equation, 
we have, 

PMa=2pxAP; 

that is, the co-ordinates of M satisfy the equation of the 
parabola; hence, the point M is a point of the curva 
In like manner, any number of points of the curre may 
be found. 

4°. To find the relation between the ordinates of any 
two points of the curve. Let {x\ y') and (a;", y") be any 
two points of the curve. The equations of condition 
that place these points on the parabola are, (Art 15), 

y'^ = %pz\ 
y"3 = 2j»a;"; 

forming a proportion &om these equations, we have, 

y'^iy"^:: x' : x" (4) 

that is, the squares of any two ordinates are to efich 
other as the corresponding abscissas. 

5°. To determine the position of any point with re- 
spect to the parabola. Let 
(x'y y') be the point, and let 
a line be drawn through it 
parallel to the principal axis. 

The point may be on the 
curve, as at A; it may be 
without the curve, as at S; 
or, it may be within the curve, 
as at P. 

If the point is on the curve, Fm. as. 
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tss at A, its co-ordinates satisfy the equation of the 
curve, and we have, 

y'2-2pa:' = (5) 

If the point is without the curve, as at S, its ordinate 
is equal to the ordinate of A, but its abscissa is less 
than the abscissa of A, because S is nearer to — oo than 
A, and consequently, the value of 2pa:' for S is less than 
it is for A; that is, 

y'«-2iw:'>0 (6) 

If the point is within the curve, as at P, its ordinate 
is equal to the ordinate of A, but the value of 2pa;' for 
P is greater than it is for A; that is, 

y'2_2pa;'<0 ...... (7) 

The expressions (5), (6), and (7), enable us to deter- 
mine whether a given point lies upon, without, or mth- 
in a given parabola. 

Proposition 18.— To find the polar equation of a 
parabola when the pole is at the focus, and the 
initial line coincides with the principal axis, 

35. The rectangular equation of the parabola, referred 
to its principal vertex, is, 

f = ^px [27] 

Making m = ^p, w = 0, and a = 0, in [15] and 
[16], we have, for this particular transformation, the 
equations, - • 

a;=^ + rcos^ and y=rBin^. 
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Sabstituting in [27]} we h&YO, 

r*sin*0 =j3* + 2prcos0. 

Substitnting for sin'^ its equal, 1— oo£?^, and 
transpofiing the term, — Hcoe?^, we have, 

H=:j3* + 2prcos^ + r*cos*0. 

Extracting the square root of both members, and neg- 
lecting the negative value of r, we have, 

r=:p + rcos^. 

Solving with respect to r, 

T = -P r28i 

1 — cos^ *■ -^ 

which is the polar equation required. 

This equation might have been deduced directly firom 
figure 20. For, by the definition of the curve, we have, 

FP = BF + PE; 

but, 

FP = r, BF=:;?, and FR = rcosXFP = rcos0. 
Substituting these values, we have, 
r =zp + rcos0; 
whence, by solving with respect to r. 
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Discussion of the Polar Equation. 

36. If we make = 0, in [28], we find r = oo ; 
this shows that the principal axis does not intersect the 
curve to the right of the focus. 

As the value of increases from O"* to 180°, the cor- 
responding value of r diminishes. If ^ = 90% r=zp\ 
and if = 180°, r = ^p. 

As the value of increases from 180° to 360°, the 
corresponding value of r increases; if = 270°, r =j9; 
and if = 360°, r again becomes oo . 

The two values of r, corresponding to 90° and 270°, 
taken together, constitute the parameter of the curve, 
which is again shown equal to 2p. 

Proposition 19.— To find the equations of a tan- 
gent and normal to a paraibola. 

37. Assume the equation of the parabola, referred to 

its principal vertex, 

y^-%px [27] 

The equations of condition that place the points 
(a;', y[) and (a;", y[') on the curve are, (Art. 15), 

y'^=2pa;' (1) 

y"2=2pa;" (2) 

Subtracting (1) from (2), and fiEictoring, we have, 

(y''-y')(2/" + y') = %>K-^') . . (3) 

Dividing both members of (3) by (y" + y') {x" — a;'), 
we have. 
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The second member of (4), is the dope of the secant 
(Art. 29). K we make a?" = t! and y" = y', we find 
for the slope of the tangent, 

tane>'=|, (5) 

Substituting in [23], we haye, for the equation of the 
tangent, 

y-y'=Jr(a:-a;') (6) 

Beducing (6) and substituting for y'^ its value %'pv^ 
(£q. 1), we have, for the equation of a tangent to the 
parabola, 

yy'=i?(a? + a;') (7) 

Substituting in [24], we have for the eqtiation of tiie 
normal, 

y-y'^-^k"-^) (8) 

Substituting in [26] and [26], we find for the subtan- 
gent and subnormal, 

S.T = ?^ = ^ = 2:.' .... (9) 

S.Hf-p (10) 

From equation (9) we see that the subtangent is equal 
to twice the abscissa of the point of contact, that is, the 
subtangent is bisected at the principal vertex. 

From equation (10) we see that, the subnormal is can- 
siant and equal to half, the parameter of the curve. 



THE PABABOLA, 



67 



These .results suggest two methods of drawing a tan- 
gent to a parabola at a given point. 

First. — Let P be the given 
point, and EP its ordinate; 
lay off to the left of the origin 
a distance equal to AB, the 
abscissa of P ; from the point 
T, thus determined, draw TP 
and it will be the required 
tangent. 

Secondly. — Lay off from the 
foot of the ordinate of the point 
of contact, toward the right, a distance, BN, equal to half 
the parameter, and draw NP; through P draw PT per- 
pendicular to NP ; YS will be a normal and PT will be 
the required tangent. 
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Proposition 20. — To prove that a tangent to a 
parabola mahes equal angles with the principal 
axis, and the focal line to the point of contact, 

38. A Focal Line is a line 
drawn from the focus to a 
point of the curve. 

Let PT be tangent to the 
curve at P; PP, the focal line 
to the point of contact; and 
DP the ordinate of the point 
of contact. 

From the figure, we have^ 

FT = FA + AT. 
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From Article 33, we haye, 

FP = PA + AD. 

But, AD is equal to AT, by the last proposition ; 
hence, FT is equal to FP, and consequently, the angle 
FTP is equal to FPT, which was to be proved. 

If a line be drawn from F, perpendicular to PT, it 
will intersect PT at its middle point H, because the tri- 
angle TFP is isosceles. The vertical tangent intersects 
PT at its middle point H, because it bisects DT and is 
parallel to DP. Hence, if a line be drawn from the 
focus perpendicular to any tangent, the point of inter-' 
section will be on the vertical tangent 

The principle demonstrated in this proposition, is the 
basis of three important constructions. 

1°. To draw a tangent to a 
parabola at a given point. Let 
FP be the focal line to the 
point of contact ; lay off FT 
to the left, equal to FP, and 
draw TP; then, will TP be 
the required tangent. For, 
the triangle PFT is isosceles 
by construction, and conse- 
quently the line TP makes Fw.as. 
equal angles with the axis and 
the focal line to the point of contact. 

2*^. To draw a tangent to a parabola parallel to a 
given line. Let BC be the given line, and F the focus. 
Draw the line FP, making the inclination XFP equal to 
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twice the inclination of BC; 
through the point P, in which 
it meets the curve, draw a 
line, PT, parallel to BC ; then 
will PT be the required tan- 
gent. For, the exterior angle, 
XFP, is equal to the sum of 
the angles FTP and FPT; 
but, FTP is equal to the in- 
clination of BO, that is, to 
half of XFP, and consequently 

FPT is also equal to half of XFP; hence, PT makes 
equal angles with the axis and the focal line to the 
point of contact. 

3°. To draw a tangent to a 
paralola through a given point 
without the curve. Let G be 
the given point; CC the di- 
rectrix; and F the focus. 
With G as a centre and GF 
as a radius, describe a circle 
cutting the directrix in C and 
C ; through these points draw 
OP and O'F parallel to BX; 
then wiU GP and GP' be tan- 
gent to the curve at P and P'. 
the definition of the curve ; and GF = GO, because 
they are radii of the same circle ; hence, GP is perpen- 
dicular to OF, and consequently the angle PPT is equal 
to OPT ; but, the angle OPT is equal to PTF because 
they are alternate; hence, GP makes equal angles 
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For, CPrnFP, from 
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with FP and FT, and is therefore tangent to the cnrre 
at P. 

In like manner it may be shown that GF is tangent 
to the curve at P'. If 6 lies without the curve, the 
circle GP cuts the directrix in two points^ and there are 
two corresponding tangents. If G is on the curve, the 
circle is tangent to the directrix, and there is but one 
corresponding tangent. If G falls within the curve, the 
circle has no point in common with the directrix, and 
consequently there is no tangent possible. 

ProiX)sition 21.— To find the ordinates of the 
point of contact of a tangent drawn to a parabola 
from a given point. 

39. Let (x'\ y") be the given point, and assume the 
equation of a tangent to the parabola, 

yy'=p{x + x') (1) 

The equation of condition that puts the given point 
on the tangent is (Art. IS), 

y"y'^p{x" + x') (2J 

The equation of condition that puts the point of con- 
tact on the curve is (Art 15), 

y'^ = 2px' (3) 

Finding the value of px' from (3), and substitutmg in 
(2), we have, 

fy'^px"-^y^ (4) 
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Clearing of fractious, and transposing^ we have, 

y'2_2y'y=-2pa:" (5) 

Solving with respect to y\ we have, 



y'=^y''±VW^^^W .... (6) 

The point (a;", y") is vnthout, upon, or within the 
curve, according as the quantity under the radical sign 
is greater than, equal to, or less than, (Conditions 6, 
6y and 7, Art. 34) ; in the first case, there are two tan- 
gents; in the second case there is one tangent; and in 
the third case there is no tangent These results agree 
with those already deduced. 

The ordinate of the middle point of the chord joining 
the two points of contact in the first case, is equal to 
the half sum of the ordinates of the two points; that is, 
it is equal to y". Hence, a line through the given 
point, parallel to the principal axis, bisects the chord 
joining the two points of contact. This chord is called 
the cTwrd of contact. 

If we denote the two values of y', in equation (6), by 
y'" and y"", their product will be equal to the second 
member of equation (5), with its sign changed ; that is, 

y"Y"==+2px" (7) 

If we suppose the point {x", y") to be anywhere on 
the directrix, we shall have, 

which being substituted in (7), gives, 

y'Y"=--P' (8) 
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The slopes of the two tangents through {^\jf') are 
given by the equations, 

tana = ^ (9) 

^^'^frr (10) 

Multiplying these together, and substituting for y'"y^"' 
its yalue from (8), we have, 

tanatana' = — 1, or, tana=— -r- — 7.. (11) 

But (11) is the equation of condition that makes the 
two tangents perpendicular to each other. Hence^ if 
two tangents be drawn to a parabola from any point of 
the directrix, they are perpendicular to each other. 

Proposition 22. — lb find the eqwation of the 
parabola referred to ohliqwe axes, the new axis 
of X being parallel to the primitive one, 

40. Assume the equation of the parabola, 

y^=%px [27] 

Making a = in [9] and 10], we have the formulas 
for this transformation, 

rr = m + a;' + y' cos a' (1) 

y = » + y'sina' • (2) 

Substituting in [27], and arranging, we have, 

y2sin2a' + (2wsina'— 2j9cosa')y' + (w2— 2j9m)=2j9a;' . . (3) 

which is the required equation. In it, 97?, n, and a' are 
arbitrary elements of the new system. 
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' If we make, 

2n sin a' — 2p COS a' = . . . . (4) 
and, 

n* — 2jpin = . , (6) 

equation (3) will become, 

y'^&m^a' =^2px' (6) 

2p 
Putting . g , = 2p', and dropping the dashes on x 

and y, because they are general variables, we have, 

f = 2p'x [29] 

which is of the same general form as equation [27]. 

Equation (5) is the equation of condition that puts 
the point (w, n) on the curve ; hence, the new origin is 
on the curve. But, equation (5) is satisfied if the point 
(w, n) is at any point of the curve ; hence, the new 
origin, may be anywhere on the curve. 

Equation (4) may be reduced to the form, 

tana'zr-^ (7) 

This value of tana' is equal to the slope of a tan- 
gent to the parabola, at the point (m, n) (Art 37) ; 
hence, the new axis of y is tangent to the curve at the 
new origin. 

Discussion of the Equation. 

41. It may be shown, as in Article 34, that the 

curve cuts the new axis of x in but one point, and that 

the axis of y is tangent to the curve at the new origin. 

It may also be shown that the curve extends to an infi- 

4 
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nite distance in the direction of positive abscissas, and 
is limited in the direction of negative abscissas by the 
axis of y; also that the curve extends to an infinite 
distance in the direction of both positive and negative 
ordinates. 

If we solve equation [29] 
with respect to y, we have. 




y=± V~2^ . . (1) 

Prom this equation, we see 
that for each positive value 
of X there are two real values 
of y, numerically equal, but 
having contrary signs. These 
values, taken together, make ^^' ^^ 

up a chord parallel to the axis of y, and which is bi- 
sected by the axis of x. Hence, the axis of x bisects all 
chords of the curve parallel to the axis of y. 

A diameter of a curve is a straight line that bisects 
a system of parallel chords. The point in which a 
diameter meets the curve is called the vertex of the 
diameter. 

K a diameter meet a curve in two points, it has two 
vertices. 

The new axis of x is therefore a diameter of the para- 
bola; and because any line parallel to the principal axis 
of the curve may be taken as the axis of a;, it follows 
that the parabola has an infinite number of diameters, 
all parallel to the axis, and each bisecting a system of 
chords parallel to the tangent at its vertex. These 
diameters are lines of symmetry ; but the axis is the 
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only one that is a line of right symmetry, all the rest 
being lines of oblique symmetry. 

It raay be shown, as before, that the squares of any 
two ordinates are to each other as their corresponding 
abscissas. 

The quantity of 2p\ or its equal, . ^ , , is called 

the parameter of the diameter that is taken as the axis 
of X, 



Propositioii 23. — To find the equation of a tan- 
gent to a parabola referred to a diameter and 
tangent. 

42. We have seen, (Art. 23), that the equation of a 
straight line referred to oblique axes is of the same form 
as when referred to rectangular axes. We have also 
seen, (Art. 40), that the equation of the parabola referred 
to atiy vertex, is of the same fonn as when referred to 
the principal vertex. Hence, by a course of reasoning 
identical with that employed in deducing the equation 
of a tangent referred to rectangular axes, we find the 
required equation, . 

yy'=p'{x + x') [30] 

If we make y = 0, in [30] we find, x= —x': this 
shows that the tangent intersects the axis of x on the 
left of the new origin, and at a distance from it equal 
to the abscissa of the point of contact; hence, in this 
case also, the suhtangent is bisected at the vertex. 
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Of Poles and PoUtb. 

43. Let {m, n) be a point, referred to the same 
axes as the parabola, (Art 40), and assume the equation 
of a tangent, also referred to the same axes, 



r=p-iz+x') 



[30] 



The equation of condition that causes this tangent to 
pass through the point (fTt, n) is, (Art 15), 

ny'^p'im-j-z') (1) 

But it has been shown, (Art 39), that two tangents 
can always be drawn to a parabola fix)m a point without 
the curve ; hence there are two sets of values of x^ and 
y'y that will satisfy equation (1), and at the same time 
satisfy the equation of the curve. The quantities 2/ and 
f/ in equation (1) are therefore the co-ordinates of both 
points of contact 

Equation (1) is obviously the equation of condition 
that places the two points of contact on the line whose 
equation is, 

7*y=y(m + a) .,..., (a) 

Beoauso equation (3) is mtisfiod by the co-ordinates 
of botli points of contoet, it must I>e the equation of the 
straiglit line pii^mng through tlieec points, that i% tf W 
the equation of the chord of con fact. 

If we make ;/ = in equation (2), we AtO^ 



This ii 
of contiK'i 
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stsmty so long as m is unchanged, that is, so long as the 
point {niy n) remains at a fixed distance from the axis 
of y. If, therefore, we suppose m to remain fixed in 
Talue, whilst n takes hi succession every possible value 
from — 00 to +00, the point {m, n) will generate a 
liae parallel to the axis of y, siieh that if from any 
point of it two tangents be dra^vn to the parabola, the 
corresponding chord of contact will pass through the 
point on the axis of x^ whose abscissa is given by equa- 
tion (3)- 

This line, from which the tangents are drawn, is called 
the polar of the point; and ilie point in which the 
chords of contact inter sec tj is called the pole of the hue. 
The terms pole and polar are correlative; that is, 
neither has any significanccj except with respect to the 
other, 

Tlie point in which the polar intersects the diameter 
through the pole is called the polar point From equa- 
tion (3), we see tliat the pole and polar point are on 
opposite sides of tlie origin , and equally distant from it. 
We also sec that x and m may change places in equa- 
tion (3) ; hence, if the primitive polar point be taken 
B£ a pole, the prhnitive pole will be the new polar point. 
It is obvious that every straight line in the plane of 
the curve has a corresponding pole, and that every point 
in the plane has a corresponding polar. 

From the principles expkined, we deduce the follow- 
ing eonsti'iictioj?*''^ ^^^. 

To find if' ^ ^^ liar : Draw a tangent to 

th© curve ^^ \ draw also a diameter 

th^oug^ I'f^ produce it to intersect 
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the polar; having found the polar point, lay oflF from the 
vertex of the diameter, in the opposite direction, a dis- 
tance equal to that of the polar point; the point thus 
found is the pole. 

To find the polar of a given pole: Draw a diameter 
through the pole, and produce it until the prolongation 
is equal to the distance of the pole from the vertex; 
the point thus found is the polar point ; draw a tangent 
to the curve at the vertex, and through the polar point 
draw a line parallel to the tangent ; this is the polar. 

If the polar cuts the curve, the pole is without the 
parabola, and the chords of contact of the different 
pairs of tangents must be prolonged to pass through it; 
in this case, only those points of the polar that lie 
without the curve, satisfy the definition of a polar. 

The focus is the pole of the directrix, and conversely, 
the directrix is the polar of the focus. 

PROBLEMS. 

1°. Find the intersections of the parabola y^ = 8x 
and the straight hue 3y — 2a; — 8 = 0. 

Ans. (2, '4) and (8,8). 

2°. Find the equation of a straight line passing 
through the focus of the parabola y^ = ix, and making 
an angle of 45° with the axis. 

Ans, y = x — l. 

3°. Find the points in which the focal chord, yz=x—l, 
intersects the parabola y^ = 4a;. 

Ans. (3±2a/2, 2±2a/2). 
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4°. Find the equations of a tangent and normal to 
the parabola, y^ = ^x, at the extremity of the positive 
ordinate through the focus. 

Ans, y =zx + 1 and y z= — x -{- 3. 

5°. Find the equation of a straight line passing through 

the vertex of the parabola, y^ = 4tx, and the extremity 

of the focal ordinate. 

Ans, y = 2x. 

6°. Find the equation of a circle passing tjirough the 
vertex of the parabola, y^ = Sx, and the extremities of 
the double ordinate through the focus. 

A71S, y^ = lOo; — x^. 

7°. Find the point in which the normal, y= —x + d^ 
to the parabola, y^ = 4a:, again cuts the curve, and 
also the length of the intercepted chord. 

Ans. (9, — 6) ; chord = 8 V^. 

8°. Find the point of the parabola, y^ = 6x, at which 
a tangent makes an angle of 30° with the axis. 

Ans. (4i, 3V3). 

9°. Show that the tangents to any parabola at the 
extremities of a focal chord, are perpendicular to each 
other. 

Solution. — Combining the equation of the parabola, 
y^ = 2px, 
with the equation of a focal chord, 

2'=«(^-f)' 

we have the equation. 
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Denoting the two Talaes of y by y' and y", we know 
from algebra that, * 

y'y" = -f • . (2) 

The dope of the tangent at the point whose ordinate 

is y' (Art 37), is -—^ and the slope of the tangent at 
• y 

the point whose ordinate is y", is ^; hence, the pro- 
duct of their slopes is -—-77; or, replacing y'y" by its 

yy 

value taken from equation (2), we have, 

tand'tanr = — 1 (3) 

Hence, (Art. 18), the tangents are perpendicular to 
each other. 

10^ Find a formula for the distance from a point 
{x\ y') to any point of the parabola y^ = 2px, 

Am. d = \/{y' — ^/^pxf + {x' — xy. 

11°. Find the conditions that will make this the value 
of d rational 

Solution.—ThQ quantity under the radical sign, when 
developed, takes the form, 

y'8 — 2y' V2pi + 2pa; + a;'« — 2a;'a? + a:* . . (1) 

In order that this may be a perfect square for all 

values of Xj the second term must reduce to 0; that is, 

we must have, 

y' = (2) 
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This supposition enables us to place (1) under the 

form, 

x"^ + 2{p-^x')x + a^. .... (3) 

In order that (2) may be a perfect square, the middle 
term must be equal to twice the product of the square 
roots of the extremes ; that is, 

2{p — x')x=:2x'x', 
whence, 

-■=f w 

From (2) and (4), we see that the required conditions 
place the point {x\ y') at the focus, 

12°. Find the length of a focal chord in terms of its 
inclination to the axis. 

Solution* — ^Denote the inclination by a; make = a, 
also to 180° + a, in the polar equation of the curve, 
and take the sum of the resulting values of r; this 
gives, 

r' + r" = .r^— + .rT^— = -^-. Ans. 
1 — cosa 1 + cosa sin^a 

The focal chord is the parameter of the diameter that 
bisects it, (Art. 41). 

13°. Show that the circle described on a focal chord 
as a diameter, is tangent to the directrix. 

Solution. — ^From the definition of the curve, the sum 
of the distances of the extremities of the focal chord 
from the directrix, is equal to the length of the*focal 
chord; hence, the middle of that chord is at a distance 
from the directrix equal to one-half the focal chord. If, 
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therefore, a circle be described, with this distance as a 
radius, it will be tangent to the directrix, and will pass 
thrgugh the extremities of the focal chord. 

14°. Show that the parameter of any diameter of the 
curve is equal to four times the distance of its vertex 
from the focus. 

Solution.— h&t a focal chord be drawn parallel to the 
tangent at the vertex of the given diameter, and let a 
circle be described on this chord, as a diameter. The 
radius of this circle, drawii to the point of contact of 
the circle and directrix, is bisected by the curve; but, 
this point of the curve is equally distant from the di- 
rectrix and the focus. Hence, the focal chord is equal 
to four times the distance from the vertex of the given 
diameter to the focus. But, the focal chord is equal to 
the parameter of the diameter that bisects it, (Problem 
12°). Consequently, the parameter of any diameter is 
equal to four times the distance from its vertex to the 
focus. 

If we draw two tangents to the parabola at the ex- 
tremities of the focal chord, they will intersect on the 
directrix, at the point of contact of the circle described 
on the focal chord. 

VII. Of the Ellipse. 

Definitions of Terms. 

44. An Ellipse, is a plane curve, that may be gen- 
erated by a point, moving so that the sum of its distances 
from two fixed points is equal to a given distance. 
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The fixed points are called foci. The transvsrse axis, 
is a straight line through the foci, and limited by the 
curve. The centre, is a point on the transverse axis 
midway between the foci. The conjugate axis, is a 
straight line through the centre, perpendicular to the 
transverse axis, and limited by the curve, A diameter, 
is any straight line through the centre limited by the 
curve. The points in which a diameter meets the curve 
are called vertices. The left-hand vertex of the trans- 
verse axis is called the principal vertex of the ellipse. 
The excentricity of an ellipse is the distance from its 
centre to either focus, divided by the semi-transverse 
axis. 

Construction of the Curve. 



45. The curve may be constructed by a continuous 
movement, or by points. 

1°. By continuous move- 
ment. Let F, F', be the 
foci and C the centre. 
Take a string longer than 
FF', and fasten one end at 
F and the other at F'; 
then press a pencil, P, 
against the string and move 

it around F and F', keeping the string tense ; then 
will P generate an ellipse. For in every position of the 
pencil the sum of the distances, PF and PF', is equal 
to the length of the string, that is, it is constant. 

The line AB is the transverse axis, and DD' perpen- 




u 
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dicnlar to it through G, is the conjugate axis. Because 
B is a point of the curye, we have. 



or, 



BF + BF, 
PF' -h 2FB, 



equal to the length of the string; for a like reason we 
haye, 

FF' + 2AF', 

equal to the length of the string; hence, FB is equal 
to F'A, CB to CA, and AB to length of the string. 

Because DD' is perpendicular to FF', at its middle 
point, either of the points, D, D', is equidistant fix)m F 
and F' ; that is, either vertex of the conjugate axis is 
at a distance from either focus, equal to the semi-trans- 
verse axis. 

2°. By points. Suppose 
the axes to be given. From 
D, as a centre, with GB as 
a radius, describe an arc 
cutting AB in F and F'; 
these points are the foci. 
Next, take a radius greater 
than the distance from A to 
the nearer focus, and less than the distance to the re- 
mote focus, and with one focus as a centre, describe an 
arc; then with the remainder of the transverse axis as 
a radius, and with the other focus as a centre, describe 
another arc cutting the first, in two points; these will 
be points of the curve. For, the sum of the focal dis- 
tances of each point, is equal to the transverse . axis. 




Fro. ao. 
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Haying found a snfficient number of points, d^aw a curve 
through them, and it will be the required ellipse. 



Proposition 24. — To find the equation of an 
ellipse referred to its centre. 

46. Let C be the centre, 
AB and DD' the axes ; and 
P any point of the curve. 
Denote the focal Hues, FP, 
by r, and FT by r\ the 
semi-transverse axis by a, the 
semi-conjugate axis by hy the 
distance, CF, or CF', by c, 

and the co-ordinates of P by a; and y. Then will FO 
be equal to a; — c, and, F'O to z + c. 

From the right-angled triangles FOP and F'OP, we 
have 

r» = f + (x-cY (1) 




r'« = y*+(c + a;)» 



From the definition of the curve, we have, 

r + r=:%a . . . . 



(2) 



(3) 



Adding (1) and (2), and subtracting (1) from (2), we 
have, 

r'a + r3=2(a?J + y^ + c3) .... (4) 



r'2 _ya^^cx 



(5) 



Factoring (5), and then dividing it by (3), member 
by member, we have, 

»•'-»• = ? (6) 
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Combining (3) and (6), we 


find for the 


focal 


lines, 


/ = «. 


4-^ 


• • 


. . (7) 


r = a - 


ex 

a ' ' ' 


. 


• . (8) 



Squaring (7) and (8), and substituting in (4), we 
have, 

2a^ + ^^a^ = 2{x^-\-y^-\-(y^) ... (9) 



Reducing, we have, 



a^ = a^-^(^ .... (10) 



But, because the distance FD is equal to a, we have, 

substituting this in (10), and multiplying by a% we 
have, 

aY-\-V^7?z=zaW [31] 

This equation ib true for every position of the genera- 
trix ; hence, it is the required equation. 

If we divide both members of [31], by a^S*, it may be 
put under the form, 

^ + ^ = 1 P2] 

If we denote the excentricity by c, we have from the 
definition, 

e = -y or c = ae] .-. l^=:cfi(l--^). 
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Substituting in (7) and (8), we have, 

r' = a + ex (11) 

r z=d^ex (12) 

Discussion of the Equation. 

47. — 1°. To find the points in which the curve cuts 
the axes, — If we make y = 0, in [32], we find x= ±a; 
if we make a; = 0, we find ^ = ± J ; hence, the curve 
cuts the axis of x in the points (— a, 0), (+ a, 0), and 
the axis of y in the points (0, — b), (0, -f b). 

2°. To find the position and limits of the curve. — 
Solving [31] with respect to y and x, separately, we 
have, 



y=±^V^ZI^ (1) 



x=±^V^^-f (2) 

We seej th)m equation (1), that every value of x be- 
tween — a and + a gives two real values of y, equal, 
with contrary signs ; that the values of x, equal, respec- 
tively, to —a and -f- a, give two values of y, each 
equal to 0; and that every value of x less than —a, 
and greater than + a, gives two imaginary values of y ; 
this shows that the curve is limited in the direction of 
positive and negative abscissas, by two tangents, one at 
each vertex of the transverse axis; and that the curve 
is continuous between these limits, being symmetrical 
with respect to the transverse Axis. 

In • like manner, we infer irom equation (2) that the 
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curve 18 limited in the direction of positive and negative 
ordinates by two tangents, one at each vertex of the 
conjugate axis; and that the curve is contmuous be- 
tween these limits, being symmetrical with respect to 
the conjugate axis. 

3°. To find the parameter of the curve. — ^The parame- 
ter is the breadth of the curve through either focus; 
that is, it is equal to the double ordinate through the 
focus. Making x = Vcfi — J^, in [31], and denoting 
the corresponding value of 2y by 2p, we have, 

^^=?=s («> 

Forming a proportion, from this equation, we have, 

2a : 2b :: 2b : 2p (4) 

That is, the parameter is a third proportional to the 
transverse and conjugate axes. 

4°. To find the relation between the ordinates of any 
two points. — Let (x'y y') and {z", y") be two points. Sub- 
stituting in [31], after solving with respect to y^, we have 
the equations of condition that place the two points on 
the curve, 

y"=|(«'-^'') (5) 

y"'=^{a'-x"») (6) 

Forming a proportion from (5) and (6), and factoring, 
we have, 

If'' : y"» :: (a- x') (a + x') : {a - x") (a + x") . . (7) 
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From which, we see, as m the case of the circle, 
(Art 27), that, tJis squares of any two ordinates of the 
ellipse are to each other as the rectangles of the segments 
into which they divide the transverse axis. 

It is to be observed that the circle is but a particular 
case of the ellipse, in which tlie axes are equai. All the 
properties of the ellipse will, therefore, hold good for the 
circle. K a = S, the value of e reduces to ; that is, 
the excentricity of the circle is ; hence, ttie foci of the 
circle coincide at the centre. If we make a = S, in 
the equation of the ellipse, it becomes, 

x^ + y^z=za^ (8) 

which is the equation of a circle whose radius is a, 

5°. To determine the position of any point with re- 
spect to the curve. — Let {x', y') be the point. 

If the point is on the curve, its co-ordinates satisfy 
the equation of the curve, and we have, 

a^y'^+W^--aW = ^ .... (9) 

K the point is without the curve, draw a line from 
the centre to it, and designate the point in which it in- 
tersects the curve by P. It is obvious that the square 
of either co-ordinate of the given point is greater than 
the square of the corresponding co-ordinate of P; hence, 
in this case, we have, 

aya^. J3a;'a_fl2^>0 .... (10) 

K the point is within the curve, draw a line from the 
centre to it, and prolong it till it intersects the curve, 
at a point P. The square of either co-ordinate of the 
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given point is less than the square of the corresponding 
co-ordinate of P; hence, in this case, we have, 

ahj[^ + Vhc*^ — a^^ < (11) 

The expressions (9), (10), and (11), enable us to de- 
termine whether a given point lies upon^ without^ or 
within a given ellipse. 

K we make a = J = r, in these expressions, we find 
corresponding expressions for the circle, 

.V2 + y'2-r2=0 (12) 

a:'2 + y'2_^>0 (13) 

a:'2 + y2-r2<0 (14) 

Proposition 25.— To find the equation of the 
ellipse referred to its principal vertex, 

48. Making m= -^a and n = 0, in [13] and 
[14], we have the following formulas for making the 
required transformation: 

x=i-^a-\-x (1) 

2/ = 2/' (2) 

Substituting in [31], we have, 

a2y'2 + &2 (flf2 __ 2ax' + a:'2) =aW . . . (3) 

Transposing, reducing, and dropping the dashes, we 
have, 

y2^-.(2ax^7y^) ..... [33] 

which is, the equation' of the ellipse referred to the prin- 
cipal vertex. 
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The axis of x is the transverse axis of the curve, and 
is an axis of symmetry ; the axis of y is tangent to the 
curve at the^ principal vertex. Performing the indicated 

multiphcation, substituting for — its value, 2p, and 

CL 

denoting the square of the ratio of the semi-axes by r^, 
we have, 

y^^^px^r^ [34] 

Proposition 26. — To find the polar equation of 
an ellipse when the pole is at the right hand 
foetus, and the initial line coincides with the 
.transverse axis. 

49. The polar equation may be found by the method 

of Article 35, but it is more readily deduced from 

equation (12), Article 46. Assuming this equation, we 

have, 

r=za — ex (1) 

From the figure of Article 46, we have, since CF 

equals ae^ 

x=zae + rcos(l> (2) 

Substituting in (1), we find, 

r = a — ae^ ^ re co8<t> (3) 

Solving with respect to r, and factoring, we have, 

1 + e cos • • • L J 

If we wish the pole to be at the left-hand focus, we 
use equation (11), Article 46, in which case, 

x= — ae + r'cos0, 
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and the resulting polar equation is, 



^,^ a{l-^ [36] 

1 — ecos0 *■ ^ 



DiscnasUm of the Equations. 

50. If we make = in [35], we find, 

1 ^ 

r = a -— ; — = a (1 — e) = a — otf . . (1) 

If we make = in [36], we find, 

r' = a:j =:a{l + e)=:a + ae . . (2) 

These values of r and r' are the distances from the 
foci to the right-hand vertex. By making ^ = 180° we 
find in like manner, 

and, 

r'=a^ae (3) 

These values are the distances from the foci to the 

left-hand vertex. By makmg = 90°, or = 270°, 

we find, 

r = o(l — «8), 
and, 

r'=a(l — 68) (4) 

These are each equal to half the parameter of the 
curve, hence, 

2p = 2a{l-(^) (5) 

is another expression for the parameter. This expression 
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is identical with that deduced in Article 46 ; for, it has 
been shown that, 

(Art. 46), hence, 

2S2 



a 



;2a(l-a8). 



Proposition 27. — To find the polar equation 
when the pole is at the centre. 

51. Assume the equation of the curve referred to its 
centre, 

ahf^ + Vh? = aW [31] 

Making m, n, and a, equal to in [15] and [16], they 
become, 

a; = rco8^ (1) 

y = rsin0 (2) 

Substituting these in [31], we have, 

oV«sm80 + JV2cos20 = a2J». 

Solving with respect to r, and taking the positive 
value only, we have, 

r^—=^== . . . .[37] 
V^sin20 + ^cos^^ 

Discussion of the Equation. 

52. K we make ^ = 0, or = 180° in [37], we 
find, 

r = a (1) 
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If we make = 90, or ^ = 270°, we find, 

r = h (2) 

These are the values of the semi-axes of the curve. 
We know from trigonometry that, 

sin^ = — sin (180° -f ^), 
and, 

cos = — cos (180° 4- ^) ; 
or, 

sin«<^ = sin2(180° +0), 
and, 

cos2<^ = cos?^ (180° 4- <t>) ; 

hence, the value of r is the same for any angle as 
for that angle increased by 180° ; this shows that every 
diameter of the ellipse is bisected at the centre, 

H we denote any semi-diameter of the ellipse by a', and 
its inclination to the axis by ^, we have, 

ah 
a = 



Va^sin^d -i-l^cos^d 



i 



Squaring, and solving, with respect to the resulting 
denominator, we have, 

a2sin20 + J2cos20 = ^ .... (3) 
a 

In like manner denoting any other semi-diameter by 
J', and its inclination by 6', we have, 

fl»sm«e' + 62co8»0' = -p- .... (4) 

Formulas (3) and (4) are used in treating of the 
ellipse referred to conjugate diameters. If we substitute 
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for sin2 0, its value, 1 — co#0, equation [37], be- 
comes, 



r = 



db 



Va2 — (a» — J2)eos2<^ 



(5) 



This value of r is greatest possible when its denomi- 
nator is least, and the denominator is least when co#^ 
is greatest. In like manner-this value of r is least pos- 
sible when cos^^ is hast. 

But, the greatest value of cos^^ is 1, which gives 
r = a; and the least value of cos^^ is 0, which gives 
r = d. Hence, we conclude that the transverse axis is 
the greatest, and the conjugate axis the least diameter 
of the ellipse. 



Proposition 2&-—To find the equations of a tan- 
gent and normal to an ellipse. 



53. Assume the 
equation of an ellipse 
referred to its centre, 

«V + *^ = «*ft* [31] 

The equations of con- 
dition that place the 
points {z\ y') , and 
(x", y") on the curve, 
are, (Art. 15), 




Fio. 81. 






(1) 

(2) 



Sa^tTKtiiix (li £r:m. t . CTar.*p:wrg and fKrtcxing; 
we h-k^e, 

«*y -jf/ j^-r5 » = — ^ -r — JT* ix'-rx-) (3) 

DJTJiiir.g b>ia mem'-ers c j «* ij ' ^ 5 *. ix' — x\ we 
find, 

y;-5^_^^^£^w) _ _ (^) 



K 



The second nifimber of «4) is the sii^pe of the 8ecHit» 
(Art, 29; ; if we make y * = 5 and x * = x, we find 
for the g>>pe of the tangent, 

**^ 
^^^ = — ^ (^) 

Sabetitntmg this Talue in [^3], we hare die equation 
of the tangent, 

y-y= — ^i-f— '^ .... (6) 

Beducing, transpodng, and snbstitnting for o'y'+Wr'* 
ita Talue from equation (1), we haTe, 

f^^' ^lPxz' = d^ (7) 

which i$ the equation of the tangent 

Subetitnting in [2-4], we have the equation of the 
normal^ 

^ ,_y' = g.(x-x-) (8) 

m 

Substituting m [25] and [26], we have the Tahies of 
the cubtangent and subnormal, 

8.T = -^' ...... (.) 

8.N=-5^ ..... .(10) 
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K we make y = in (7), 
and find the corresponding 
value of a?, we have. 



Xz=±- 



X 



(11) 




But, a?, in this case, de- fiq. aa. 

notes the distance OT; x' the distance GB; and a the 
distance GA; hence, 

CR : GA : : CA : CT (12) 

If we make a = ^ = r, in (7), (8), (9), and (10), we 
find the corresponding expressions for the circle, which 
are identical with those found in Article 30. 



H we substitute in (9) the value of 
fix)m (1), we find, 



^ 
W 



deduced 



S.T = 



a^— x"^ 



(13) 



This expression for the subtangent is independent of 
both } and y\ Hence, if any number of ellipses be con- 
structed on a given transverse axis, and tangents be 
drawn to them at the points corresponding to any given 
abscissa, these tangents will all intersect the axis of x at 
a common point. This group of ellipses includes the 
circle whose diameter is the given transverse axis. 

This principle enables 
us to draw a tangent to 
an ellipse at a given 
point. 

Let APB be an ellipse, 
and P any point of the 
curve; on AB, as a diam- 
5 
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eter, describe a semicircle; draw the ordinate of P, and 
produce it to intersect the semicircle at P'; draw the 
tangent P'T to the circle, and draw also the line PT; 
this will be the required tangent, because TE is the 
common subtangent of the tangents to the circle and 
ellipse. 

If we substitute (—a;', — y') for (a/, y') in equation 
(5), the value of tanO' will be unchanged; but this 
substitution is equivalent to changing the point of con- 
tact from the upper to the lower vertex of the same di- 
ameter; hence, the two tangents to the ellipse at the 
opposite extremities of any diameter are parallel to each 
other. 

Supplementary Chords and Conjus^ate Diameters. 

54r. Two chords are supplementary, when they are 
drawn from the vertices of any diameter to the same 
point of the curve. 

Two diameters are conjugate, when one is parallel to 
the tangents at the vertices of the other. 

Let it be required to find the equation of condition 
for supplementary chords, drawn from the vertices of the 
transverse axis. 

If we replace a by tan d'\ and make, 

x' ^=1 -^a and y' = 0, 

in equation [4], we have, for the equation of any chord 
through the left hand vertex of the transverse axis, 

yz=i\Ane"{x^a) (1) 
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In like manner, replacing a by tan^'^', and making 
x' =1 + a and y' = 0, we haye, for the equation of 
any chord through the right hand vertex of the trans- 
verse axis, 

y = tanr'(«--fl) (2) 

These Unes must intersect, because their slopes are 

different. Combining (1) and (2) by multiplication, we 

have, 

ya = taiirtanr'(a:8_^2) .... (3) 

in which x and y are the co-ordinates of the point of 
intersection. In order that this point may lie on the 
ellipse, the values of x and tf in (3) must be such as to 
satisfy the equation of the ellipse, which can be written 
under the form, 

y»=-^{<>^-a^) (4) 

Making (3) and (4) simultaneous, by equating the 
values of y\ and then suppressing the common factor, 
a^ — a', we have, 

tanrtanr' = -^ [38] 

which is the equation of condition for supplementary 
chords. 

To find the equation of condition for conjugate diame- 
ters, we have, for the slope of a tangent at the point 
{x\ y'), and consequently for the slope of a diameter 
parallel to the tangent, (Art. 53), 
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Denoting the inclination of the diameter drawn to the 
point {x'y y') by 0, we have, fix)m the figure, 



tand 



-y: 



.(6) 



Multiplying (5) and 
(6), member by mem- 
ber, we have, 



tan tan 0'= 



*« 
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which is the equation of condition for conjugate diam- 
eters. It is also the equation of condition for a diam- 
eter and a tangent at its vertex. 



If we make, tan 9 = 



sin^ 3 i /»/ sin0' 

— 5, and tand' = — -j2>, in 
COS0 Qoifi 



[39], and then clear of fractions and transpose, we have, 

a2sindsin(?'-f-S'cos0cos(?' = O . . [40] 

which is another form of equation [39], used in treating 
of conjugate diameters. 

If we assume any value for tan0" in [38], or for 
tand in [39], we find from the equations, corresponding 
values for tan^'" and tan 0'. Hence, every chord has a 
suppkmenty and every diameter a conjugate. 

If we make ^ = 0, we have sin = 0, and cos = 1. 
Substituting these in [40], we find cos B' = 0, or 
6' = 90. This shows that the axes are conjugate diam- 
eters. 

The second members of [38] and [39] are equal; 

hence, 

tan0"tanr' = tan0tan0' .... (7) 
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If tan ^ = tan 0"^ we have tan d' = tan 0'", and the 
reversa 

Hence, if a diameter is paarallel to a chord through 
the principal vertex, the conjugate of the diameter is 
parallel to the supplement of the chord, and the re- 
verse. 

Also, if a diameter is parallel to a chord through the 
principal vertex, the tangents at the vertices of the diam- 
eter are parallel to the supplement of the chords and 
the reverse. 

These principles form the basis of the following con- 
structions : 

1°. To draw a tangent to an ellipse at a given point — 

Let GBA be the el- 
lipse, AB its transverse 
axis, and P the given 
point. Draw the diam- 
eter PP', and through 
A draw the chord AG- 
parallel to it; draw the 
supplement, GB, of 
the given chord; and 
through P draw PT 
parallel to GB; this line is the required tangent. 

2°. To draw a tangent to an ellipse parallel to a 
given line. — Let M be the given line; draw BG parallel 
to M, and draw its supplement, GA; then draw the di- 
ameter, PT, parallel to AG, and through P draw PT 
parallel to GB; this is the required tangent. 
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Proposition 20.— To prove that a rbomwal bisects 
the angle between the focal lines to the point of 

contact. 

55. If we make y = 0, 
in the equation of the nor- 
mal, (Equation (8), Art 
53)9 we find for the corres- 
ponding value of Xy which 
denotes the distance CN, Fie. ». 




« = ■ 



a« — ft» 



a» 



x' = dhi\ 



Adding this to, and subtracting it from, ae, we find^ 

FN = e(a + ex') and rN = 6(a — ea/) . . (1) 

From equations (11) and (12), Art 46, we have for 
the focal lines to the point {x\ y'), 



r* ^na -{- ex' and r ^=^a — ex' 



(2) 



Hence, F'N and FN are equimultiples of r' and r; 
consequently, we have. 



F'N : FN 



(3) 



^ 



The normal therefore divides the base of the triangle 
FTF into segments proportional to the adjacent focal 
lines; hence, it bisects the angle between these lines, 
which was to he proved. 

The tangent is perpendicular to the normal; conse- 
quently, it makes equal angles with the focal lines to 
the point of contact This principle gives rise to the 
following constructions: 
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1°. To draw a tangent to an ellipse at a given 
point. — Let F and F be the foci, P the given point, 
and FT, FP, focal lines 
to the point of contact 
Prolong F'P, making PK 
equal to PF, and join 
the points K and F; 
through P draw a line 
perpendicular to FK, and 
it will be the required 
tangent; for, it will bi- 
sect the angle FPK, and 
consequently, will make 
equal angles with the fo- 
cal lines to the point of contact 

K a distance equal to PF be laid off from P towards 
F', and its extremity be joined with F, the resulting Une 
will be parallel to the tangent; and conversely, a line 
through P, parallel to the resulting line, will be a tan- 
gent to the curve at P. 

2°. To draw a tangent to an ellipse through a given 
point. — Let M be the given point From one focus, F', 
as a centre, with a radius equal to the transverse axis, 
describe an arc K'NK; from the given point, with a 
radius equal to its distance from the other focus F, de- 
scribe a second arc, cutting the first in K and K'; 
draw the line F'K, cutting the ellipse at P, and then 
draw the line MP; this line will! be tangent to the 
ellipse at P; for, PK equals PF, because each, added to 
FT, will give the transverse axis; 'and MK equals MF, 
because they are radii of the same circle ; hence, MP is 
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perpendicnlar to FE at its middle x)oint; consequently, 
for the reason given in the last construction, is tangent 
to the ellipse at P. 

A second tangent, MP', may be found by drawing the 
line F'E', and then uniting the point in which it cats 
the ellipse with the given point 

It may be shown from the figure that there will be 
two tangents, if M is without the curve, but oney if M 
is on the curve, and none at all, if M is within the 
curve. 



Proposition 80. — 2b find the relation between 
the ordinates of an ellipse and its circumscribing 
circle. 




56. K a circle be de- 
scribed on the transverse 
axis of an ellipse as a diam- 
eter, the two curves will 
have the vertices of that 
diameter in common; but 
from what was shown in 
Article 52, all other points 
of the ellipse will lie within 
the circle; hence, the cir- 
cle is said to circumscribe the ellipse. Any ordinate of 
the circle, as DO, will intersect the ellipse at some point, 
H ; the points G and H are called corresponding points, 
and the ordinates, DG and DH, are called corresponding 
ordinates. 
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The equation of the ellipse vhen referred to its centre 
may be written under the form. 






j^ = J,(«»_a?) (1) 



If we denote the ordinates of the circle by y\ to dis- 
tinguish them from the ordinates of the ellipse, the 
equation of the circumscribing circle may be placed un- 
der the form^ 

y'2 = a2-.ar« (2) 

K we make the values of x equal, in (1) and (2), the 
values of y and y' will represent corresponding ordinates. 
Dividing (1) by (2), member by member, we have. 



or. 



y'^^a^' 



2^ = * (3) 

y' a ^ ' 

Forming a proportion from (3), we have, 

y' :y::a:b (4) 

That is, any ordinate of the circupiscribing circle is to 
the corresponding ordinate of the ellipse^ as the semi- 
transverse/ is to the semi-conjugate axis. 

K a circle be described on the conjugate axis fes a 
diameter, it is said to be inscribed in the ellipse. In 
this case the corresponding points are those that have 
equal ordinates; the abscissas of these points are cor- 
responding abscissas. It may be shown, as before, that 
any abscissa of the inscribed circle is to the correspond-- 
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ing absctsaa of the ellipse^ cts the eemirconjugate^ is to the 
aemi'transverse axis. 

The principle demonstrated 
in this article enables us to 
constract the curve by points. 
Let AB and CD be the axes 
of an ellipse. On these^ as di- 
ametersy describe two circles; 
at any point of AB, as E, 
erect a perpendicular, EE, 
and join E wilh ; through 
the point L, in which this line intersects the smaller 
circle, draw a parallel to AB, cutting EE in P ; then is 
P a point of the ellipse. 

For, we have, 




Fio. aa 



or, 



EE:EP::OE:OL, 
y' : EP :: a : J . 



(5) 



Comparing (4) and (6), we see that EP = y, hence, 
P, is on the curve. In Uke manner any number of 
points may be found. 

The angle BOE is called the excentric angle of the 

point P. Denoting this angle by 0, we find from the 

figure, 

x^=z acos0, 
and, \ (6) 



:1 



Bat, EP being equal to y, we hare fix>m (6), 






(7) 
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Substituting in (6), and reducing, we have. 



y = &8in0 ) 



and, V (8) 

Equations (8) are formulas for the co-ordinates of any 
})oint of an ellipse, in terms of the axes and the excen- 
tric angle of that point. 

Proposition 31.— To find the equation of an 
ellipse referred to any pair of conjugate diam- 
eters, 

57. Assume the equation of the ellipse referred to its 
centre and axes, 

ah^^JM-aW [31] 

Denote the inclination of ^ny diameter by ^, and the 
inclination of its conjugate by B\ Making m = 0, 
w=:0, a = 6, and a' = (?', in [9] and [10], we 
have the following formulas, for making this particular 
transformation: 

» = a?'cos0 + y'cos0' (1) 

y = a:'sin(? + ysin0' (2) 

Squaring, substituting in [31], and arranging the re- 
sulting equation, we have. 



fl^sin^^' 

+ 






+ S^cos^cos^' 



2a;y=:a282.(3) 



But, from equation [40], we see that the coefficient of 
2x'y' is equal to 0, and from equations (3), (4), of Arti- 
cle S2, we see that the coefficients of z'^ and y'^ are 
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respectively equal to — j^ and -r^^. Making these 

substitutions in (3), and suppressing the common £a<;tor 
a^J*, we have, 

S+S=' w 

Dropping the accents from x and y, because they are 
general variables, and clearing of fractions, we have, 

aV + *'^ = «'**'' [41] 

which is the required equation. 

Equation [41], is of the same form as [31^, as it should 
be, since the axes are conjugate diameters. Equation 
[41] may be regarded as the general equation, of which 
[31] is a particular case. 

Discussion of the Equation. 

58. Equation [41] being of the same form as equa- 
tion [31], it follows that all the analytical conclusions de- 
ducible from the latter, are deducible from the former; 
the only difference in the two cases lies in the interpre- 
tation of the results. 

By proceeding as in Article 47, we may deduce the 
following properties: 

1®. The curve cuts the axis of a: in the points, (•— a',0) 
and (+ a!y 0), and the axis of y in the points, (0, — S') 
and (0, + *'). 

2"". The curve is limited by two pairs of parallel tan- 
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gents, one pair drawn at the vertices of each of the 
conjugate diameters. 

3°. The curve is obliquely symmetrical with respect 
to both conjugate diameters ; that is, each bisects all the 
chords parallel to the other. 

Inasmuch as the axis of x may be taken to Coincide 
with any diameter of the ellipse, it follows that every 
diameter of the ellipse bisects all the chords parallel to 
the conjugate of that diameter. 

4°. The squares of any two ordinates to either diam- 
eter, are proportional to the rectangles of the segments 
into which they divide that diameter. 

6°. Any point, {x\y')y referred to the same diame- 
ters as the curve, will lie without^ upon, or within the 
curve, according as, 

is greater than, equal to, or Ie8§ than 0. 



Properties and Relations of Conjugate Diameters. 



59. Let BHA be an 

ellipse ; BGA its circum- 
scribed circle, and let 
HK and H'K' be any 
pair of conjugate diam- 
eters. 

Let the ordinates DH 
and D'H' be prolonged 
to meet the circle at 



.-'i' 
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the oorresponding points, Q and Q'. Denote the excen- 
tric angle of H by 0, and that of H' by 0', and let 
inclinations of HK and H'K' be denoted by 6 and 6'. 

The co-ordinates of H, denoted by x and y, as given 
in equations (8), Article 56, are, 

a;=:acos0, ) 

and, [ (1) 

y = Jsin0 ) 

In like manner, the co-ordinates of H', denoted by x' 
and y'f are given by the equations, 

x' =:acos0', ) 

and, [ (2) 

y' = J sin 0' ) 

In equations (1) and (2), cos^ and cos^', have the 
same signs as x and x'. 
From the figure> we have, 

tan0 = |, 

and, • "" J (3) 

tand' = |J 

In equations (3), tand and tan^' have the same 
signs as x and x'. 

Substituting the values of x, y, x', and tf', taken from 
(l)r and (2), in equations (3), we have, 

tan0=:~tan6,] 

and, ) (4) 

tand'=-tan0' 
a 
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In equations (4), tan 6, has the same sign as tan^, 
and tand'y the same sign as tan^' 

Maltiplying equations (4), member by member, we 
have, 

tan0tand' = -^tan0tan0' .... (5) 

But, from Article 54, we have, 

tan0tan^'=— ^ (6) 

'Combining (5) and (6), and reducing, we have, 

tan0tan0' + l=:O; .-. 0' = 90°+ . .(7) 

That is, the excentric angles of the upper vertices of 
two conjugate diameters differ from each other by 90°. 
Substituting for 0', its value 90° + 0, in (2), and re- 
ducing, we have, 

a;'= — asin0,) 

and, [ (8) 

y' = * cos ) 

Squaring both members of (1), and adding, we find 
for OH*, denoted by a'*, the expression, 

a'« = fl>coB?0 + J«sin20 (9) 

In like manner, from (8), we find for l\ the expres- 
sion, 

P=:a2sin20-f- J«cos«0 .... (10) 

Adding (9) and (10), member to member, and substi- 
tuting 1 for sin*^ + co#0, we have, 

a'a + Prrraa-fJ* (11) 

That is, the sum of the squares of any pair of semi- 
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conjugate diametersy is equal to the sum of the squares 
of the semi'oxes. 

The area of the triangle HGH', is eqnal to the area 
of the trapezoid HDD'H', diminished by the sum of the 
areas of the triangles CDH and GD'H'. Hence, denot- 
ing the area of the triangle by T, we have, from the 
principles of mensuration, 

But, twice the •triangle T, is equal to the parallelo- 
gram CH'LH, described on a' and V. Multiplying both 
members of (12) by 2, and denoting the parallelogram 
CL by P, we hare, 

F = xy' + x'y (13) 

In this equation, we have used the numerical value 

of x'y without regard to its sign. Substituting for x and 

y their values taken from (1), and for x' and y' their 

values taken from (8), (disregarding the sign of x'), we 

have 

P=:aJ(cos^0 + sin2 0) = flJ . . . (U) 

That is, t?ie parallelogram on any pair of semi-con- 
jugate diameters is equal to the parallelogram on the 
semi-axes. 

Proposition 32,— To find the equation of a tan- 
gent referred to any pair of conjugate diameters. 

60. The equation of a straight line through two 
points, when referred to oblique axes is, (Art. 23), 
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«/' — v' 
in which ^77 — ^ is the ratio of the sines of the an- 

X -rX 

gles that the line makes with the two axes. 

H the two points lie on the ellipse, we find for the 
coefficient of the second member, as in Article 53, 

If we suppose the second point to coincide with the 
first, this coefficient becomes ^, and this substi- 
tuted in {17i]9 gives the required equation, 

y-y' = -^(«-«') . . . ; (2) 

, which may, as in Article 53, be reduced to the form, 

a'W + ^'^^' = «'^*'' [42] 

Equation [42], is the required equation. 
H we make y = 0, in [42], we find for the corres- 
ponding value of Xy 

«= = ? (3) 

X ^ ^ 

In this case, x is the distance firom the centre to :he 
point in which the tangent intersects the axis of Xy And 
x' is the abscissa of the point of contact Equatioi^ (3) 
shows that, 

x^ : a' :: a' : X (4) 

a property analogous to that shown in Article 53. 
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Of Poles and Polars. 

61. Let (m, n) be a point referred to the same axes 
as the ellipse^ in Article 57, and assame the equation of 
a tangent to the curve^ also referred to the same axes, 

a'«yy + }'^' = a'2J'3 [42] 

The equation of condition that causes this tangent to 
pass through the point (m, n) is, (Art 15)^ 

a'hiy' + Vhnx' = a'^'^ (1) 

But it has been shown, (Art. 55), that two tangents 
can always be drawn to an ellipse from a point without 
the curve ; hence, there are two sets of values of x' and 
y' thai; will satisfy equation (1), and at the same time 
satisfy the equation of the ellipse. The quantities x' 
and y', in equation (1), are therefore the co-ordinates of 
both points of contact. 

Equation (1) is obviously the equation of condition 

that places the two points of contact on the line whose 

equation is, 

a'hly + b'hnx = a'^'^ (2) 

Because equation (2) is satisfied by the co-ordinates of 
both points of contact, it must be the equation of the 
straight line passing through those points; that is, it is 
the equation of the chord of contact 

If we make y = 0, in equation (2), we find, 

x = '!^ (3) 

This is the abscissa of the point in which the chord 
of contact intersects the axis of a;, and this abscissa re- 
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mains constant so long as m is unchanged. If, there- 
fore, we suppose m to be fixed in value, whilst n takes 
in succession every value from — oo to + oo, the point 
(?w, n) will generate a line parallel to the axis of y, such 
that, if two tangents be drawn from any point of it to 
the ellipse, the corresponding chord of contact will pass 
through the point on the axis of x, whose abscissa is 
given by equation (3). 

The line from which the tangents are drawn is called 
the polar of the point; and the point in which the 
chords of contact intersect is called the poh of the 
line. 

The polar point of the line is the point in which the 
polar cuts the axis of 2;; that is, it is the point on the 
axis of X whose abscissa is m. We see that m and x 
can change places in equation (3) ; hence, if the primi- 
tive polar point be taken as a poh^ the primitive pole 
will be tJ^ new polar point 

It is obvious that every straight line in the plane of 
the curve has a corresponding pole, and that every point 
in the plane has a corresponding polar. 

From the principles already explained, we deduce the 
following constructions. ^ 

To find the pole of a given line taken as a polar. — 
Draw a semi-diameter parallel to the polar, and find its 
semi-conjugate; produce the latter (if necessary) till it 
intersects the polar ; the point of intersection will be the 
polar point; then construct a third proportional to the 
distance of this point from the centre, and the semi- 
diameter last found; the extremity of this distance will 
be the required pole, (Equation (3) ). 
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To find the polar of a given point taken as a pole. — 
Draw a diameter through the given pole, and prolong it 
indefinitely ; also find the conjugate of this diameter ; 
then construct a third proportional to the distance from 
the centre to the pole, and the first semi-diameter; the 
extremity of this distance will be the polar point; 
through this, draw a line parallel to the second diameter, 
and it will be the required polar. 

If the pole is within the cuire, the corresponding polar 
point is without, and the reyerse. 

Hence, if the pole is within the ellipse, the corres- 
ponding polar does not intersect the curve ; if the point 
is without the ellipse, the corresponding polar cuts the 
curve in two points; and if the point is on the -ellipse, 
the corresponding polar is tangent to the curve at that 
point. 

The polar of the centre is at an infinite distance, and 
the pole of a diameter is at an infinite distance from the 
centre. 

The polar of either focus is a directrix of the curve; 
that is, it is a line such that the distance of any point 
of the curve fh>m it, bears a constant ratio to the focal 
distance of the sapie point For, making OR = 06, 
and CA = a, in proportion (12), Art 53, we have, 

CT=:-^ = ? (4) 

ae e ^ ' 

Hence, the distance fix)m any point whose abscissa is 
Xy to the perpendicular through T, denoted by d, is 
given by the equation, 

■.a a — ex ,^. 
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But, from equation (12), Art. 46, we have for the 
focal distance of the same point, 

r = a — ex (6) 

Hence, we have, 

T 

ed=:r, or, •j = « (7) 

tohich was to be shown. 
The constant ratio is the excentricity of the elUpse. 

PROBLEMS. 

1°. Find the semi-axes of the ellipse, 

3y8 + 2a;^ = 6. 
Solution. — ^Dividing both members by 6, we have, 

i^ + ^-1 
2 + 3 - ^• 

Comparing this with equation [32], we have, 

a = V3 and h = V2. Ans. 

2^. Find the semi-axes of the ellipse, 

4y2 + 3aj8 = 19. 

Ans. a = \/-^ and } = y — • 

3°. Find the points of intersection of the straight line, 
y = a? + 1, and the ellipse, 2y^ + a^=z — . 

Ans. (1,J) and (-|, -|). 
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4^ Find the points of intersection of the parabola^ 
y» = 4a?, and the ellipse, 3y» + 2a^=: 14. 

Ans. (1, 2) and (1, — 2). 

5°. Knd the value of that radius-vector, which is 

incUned 60° to the transverse axis in the ellipse, 

25^^ + 16^^ = 400, the pole being at the right hand 

focus. . 32 

Ans. J3. 

6°. Find the equation of a tangent to the ellipse, 

3^ + 22;^ = 35, at the point whose abscissa is 2. 

. 105 . 70 1225 ^ . , 

Ans. "2~y + y^ = --y"> ^^y 9y + 4x=:S5. 

7°. Find the mclination of a tangent to the ellipse, 
25^ + 9a^ = 225, at the point whose abscissa is 2. 

Ans. 165° 20'. 

8°. Find a formula for the distance from the point 
(ar', y') to any point of the ellipse, ay + Wa^ = aW 

Solution.—'FTom. formula [1], we have. 



or developing, 

A71S. 

9°. Find the condition that will make the value of d, 
in the last problem, rational in terms of x. 
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Solution. — The subordinate radical most disappear; 
this can only happen by supposing^ 

y' = o (1) 

Making this supposition^ we have for d, 



In order that d may be rational in terms of x, we 
must have. 



Dividing by 2x and squaring both members, we haye^ 

/t3 A3 

whence, 



or. 



a^ = a«-ff»; .-. a?'=± Va» — ^ . . (2) 



From equations (1) and (2) we infer that the required 
condition is, that the point {x', y') shall coincide with 
one of the foci. 

10°. Find the equation of a tangent to the ellipse in 
terms of its slope and semi-axes. 

Solution, — Solving equation (7), Article 53, with 
reference to y, we have, 



1 
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Denoting the dope of the tangent by tan^, we have. 

Squaring both members, 
Sabstitnting this in the equation. 



we find. 



oV + ^tan»e = fl^J». 



Dividing by ^, and factoring, we have, 
y'»(J2 + o»tan»^) = J*; 
whence by extracting the square root of both members^ 

^ = V*a-|-a2tan»«. 

y 

Substituting in (I), we haye, 



yr=a;tand + V^+^t^S ... (2) 

which is the required equation. 

11°. Find the Iocm of the intersection of any tangent 
and a perpendicular to it, fix)m the focus. 

Solution. — The equation of a straight line through the 
focus perpendicular to the tangent is, 

^=-^^''-'^^ <^> 

in which ae is the abscissa of the focus. 
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If we make equation (1) simultaneons with equation 
(2) of the last problem, x and y will be the co-ordinates 
of the point of intersection. 

From (1) we have, 

ytand + xzzzae (2) 

From (2) we have, 

y — a;tan^ = V*^ + a^tan*^ . ... (3) 

Squaring (2) and (3), and adding, member to member, 
and recollecting that S* + a^e^ = a^, we have, 

{^ + y^) (1 + taix2 0) = a2 (1 + tan3 0) ; 

whence, by division, 

a^ + f=ia^ (4) 

Hence, the required locus is the circumscribed circle. 

12°. Find the excentricity of the ellipse, 

3y2 + 2ai2 = (P, 

d being any number. 

Ans. e = y g. 

13°. Find a point on the ellipse, 

3y2 + 2a^=12, 

at which the tangent is equally inclined to both axes. 



Ans. (3|/|, a/f). 



* e 
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VIII. Of the Hyperbola. 
Definitions of Tenns. 

62. An Hyperbola is a plane cnrye, that may be 
generated by a point, moving so that the difference of 
its distances from two fixed points is equal to a given 
line. 

The fixed points are called foci. The transverse cuds, 
is a straight line through the foci, limited by the curve. 
The centre^ of the hyperbola is that porat of the trans- 
Terse axis which is midway between the foci The con- 
jugate axis, is a straight line through the centre, per- 
pendicular to the transverse axis. 

Since the conjugate axis is perpendicular to the line 
joining the foci, at its middle point, every point of it 
must be equally distant from the foci ; hence, from the 
law of generation there can be no point of the curve on 
this line; j^hat is, the conjugate axis does not intersect 
the curve: but there are points on each side of the 
conjugate axis; hence, the curve is made up of two 
parts, called branches. The length of the conjugate axis 
is such, that the diagonal of the rectangle described on 
it and the transverse axis, is equal to the distance be- 
tween the foci. 

The excentricity, is the distance from the centre to 
either focus, divided by the semi-transverse axis. 

A diameter, is a straight line passing through the 
centre. When it cuts the curve the points of intersec- 
tion are called vertices. The right-hand vertex of the 
transverse axis, is called the principal vertex of the 
curve. 
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Construction of the Curve. 




63. The curve can be constructed by contintwus 
movement, or by points. 

1°. By continuous move- 
ment. Let F and Y be the 
foci; jBasten a ruler, F'H, 
at Yy so that it can re- 
volve about F' as a centre ; 
take a string whose length 
is less than that of the ruler 
by the given distance, and 
&sten one end at F and 

the other end at H; press the string against the ruler 
by a pencil, P, and revolve the ruler around F'; the 
point P will describe one branch of the hyperbola; for 
in every position of P, we have PF' — PF equal to 
the given distance. By using a string whose length ex- 
ceeds that of the ruler by the given distance, we may in 
like manner describe the other branch. It may be 
shown, as in Article 45, that the given distance is equal 
to the transverse axis. 



Fio. 41. 



2°-^-Sy points. With a 
distance greater than F'B as 
3i radius, and from F' as a 
centre, describe an arc ; with 
a radius equal to that be- 
fore employed, diminished 
by the transverse axig , AB, 
and from F as a centre. 




Fio. a. 
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describe a second arc, catting the first at P and Q; 
these points are points of the cnrye: for^ each satisfies 
the definition of a point of the carve. By nsing the 
same radii, and reversing the centres, two points of the 
other branch may be found. When a safficient nnmber 
of points are foand, draw a carve throagh them, and it 
will be the required carve. 

3°. To find the length of the conjugate axis. Describe 
a semicircle on FT as a diameter; from the principal 
vertex of the carve, B, draw the ordinate BH ; through 
H draw HD, parallel to BA till it meets DD' in D ; CD 
is the semi-conjugate axis. For, CH, the semi-diagonal 
of the parallelogram described on AB and DD' is eqaal 
to OR 

Proposition SS.—To find the equation of the hy- 
perbola referred to its centre. 

64. Let be the centre, 
AB and D'D the axes, and 
P any point of the hyper- 
bola. Denote the focal lines, 
FP and FT, by r and r', 
the semi-transverse axis by 
a, the semi-conjugate axis 
by J, the distance, OF or 
CF', by Cy and the co-ordi- 
nates of P by a; and y. Then will FO be equal to 
a; — c, and F'O to x + c. 

From the right-angled triangles FOP and F'OP, we 

have 

r3 = y» + (a;-c)» (1) 

r'>==f + {x + cy (2) 




Fuktt. 
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From the definition of the hyperbola^ we have^ 

r'-r = 2a (3) 

Adding (1) and (2), and subtracting (1) from (2)^ we 
have, 

r'^ + r^=i2{y^ + a^ + <^) . • . • (4) 

7'2 — r8 = 4ca; (5) 

Factoring (5), and dividing by (3), member by mem- 
ber, we have, 

*^ + ^ = — W 

Combining (3) and (6), we find for the focal Knes, 

r-=+a + ^ (7) 

*•=-« + ? (8) 

Squaring (7) and (8), substituting in (4), and reduc- 
ing, we have, 

a^ + ^^f + ^ + (? .... (9) 
But, 

C3 = J2 + ^2^ 

Irom the definition of the length of the conjugate axis, 
(Art 62); hence, equation (9) reduces to 

a^ + ^^^x^:=f + x^ + d!^ + V^ . . (10) 

Transposing and reducrag, we have, 

ahf^ — V^^-^am [43] 
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This equation is true for every position of the point 
P; hence> U is the required equation. 
Dividing both members of [43] by a^i^, we have, 

?^--~-l r441 

If we denote the excentricity by 6, we have from the 
definition, 

« = -, or c = ae; .-. l^z= —a%l — i^). 

Substituting in (7) and (8), we have^ for the focal 
lines of a point whose abscissa is Xy 

r' = a + ex (11) 

r=— a + ea; (12) 

Discussion of the. Equation. 

65. If we compare equation [43], with equation [31], 
we see that they are the same, except that J^ ig nega- 
tive in the former and positive in the latter. If, there- 
fore, we change + ^ to — Z^^, in any analytical 
expression relating to the ellipse, we shall obtain the 
corresponding analytical expression relating to the hyper- 
bola. But, changing J^ to — ^, is the same as 
substituting bV— 1, for b ; hence, when the first 
power of b enters any expi^ession for the ellipse, we 

replace it by bV— 1 to obtain the corresponding ex- 
pression for the hyperbola. 

Proceeding as in Article 47, and making the changes 
above indicated, we can show: 
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1^ The carve cats the axis of x in the points, 

(-a, 0), (+a, 0), 

bat does not cut the axis of y. The last fact is shown, 
by the ordinates corresponding to the abscissa 0, being 
imaginary. 

2°. Every valae of x, between the limits — a and 
+ a, gives two imaginary values of y; and every value 
of X, less than — a, or greater than + a, gives two 
real values of y, equal with contrary signs: this shows, 
that the curve is limited towards the centre by two 
tangents to the curve, one at each vertex of the trans- 
\^rse axis, and that the curve extends outward from 
these limits to an infinite distance in both directions, 
being symmetrical with respect to the axis of x. 

For each value of y from — oo to + oo there are 
two real values of x, equal with contrary signs : this 
shows that the curve is unlimited in the direction of 
the axis of y, and that it is symmetrical with respect to 
this axis. 

3°. The parameter of the curve, equal to ^ , is a 

third proportional to the transverse and conjugate axes. 

4°. The squares of any two ordinates are to each 
other afi the rectangles of the segments into which they 
divide the transverse axis. 

In' this case, the term segmenty is to be understood in 
an algebraical sense. Estimating from the left-hand ver- 
tex of the axis, the first segment is equal to the trans- 
verse axis, plus the distance from the right-hand vertex 



1^ 
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to the foot of the ordinate, and the second segment is 
equal to minus the last distance; that is, one segment 
beiDg plus and the other minus, their algebraic sum is 
equal to the transverse axi& « 

6°. Any point (x', y') is without the hyperbola, 
upon the hyperbola, or within the hyperbola, according 
as the expression, 

is greater than, equal to, or less than 0. 

A point is without the curve if it lies in the space 
between the branches. 



Conjugate Hyperbolas. 

66. Two hyperbolas 
are conjugate when the 
transverse axis of one, is 
the conjugate axis of 
the other, and the re- 
verse. Thus, the hy- 
perbola whose trans- 
verse axis is DD' is the 
conjugate of the hyper- 
bola whose transverse 
axis is AB, and con^ 
versely, the latter is the conjugate of the former. 

The parallelogram described on the axes is common to 
both curves, and the four foci of the two hyperbolas are 
all on a circle described about C, with the radius CF. 
To find the equation of the second hyperbola from that 




Fie. 44. 
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of the first, it is to be observed that the second holds 
the same relation to the axis of y, that the first does to 
the axis of Xy and the reverse. Hence, if we change a 
into hy and J into a, and also change x into y, and y 
into Xy in the equation of the first, we shall have the 
equation of the second. Making these changes in [43], 
we have, 

Vh?^d^y^z=z^aWy 
or, by reduction, 

ay — *2«2 -- ^2 J2 [45] 

Equations [43] and [45] are the equations of two con- 
jugate hyperbolas. 

Equation [45] can be reduced to the form, 

%-%=' [«i 

It may be shown that every straight line through the 
centre of any hyperbola intersects, either that hyperbola, 
or its conjugate. For, let 

y = tan0a; (1) 

be the equation of a straight line through the centre. 
Combining this with equation [43], and finding the 
simultaneous values of x and ^, we have, 

ah 
x= ± 



and, } . . • • (2) 

— -1- g&tan^ 
^" V*2-a2tan8^* 
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In like manner, combining (1) with [45], we have, 

db 



x=± 



Va»tanad-J2' 
and, \ • • • • (3) 
gfttang 

*^"" Va^tan>d-i8' 

It a*tan«^ < V, that is, if tan»^ < -= , the values 

a* 

of X and y in (2) are real, and the line (1) intersects 
the given hyperbola; if tan*d>-r, the values of x 
and y in (3) are real, and the line (1) intersects the 
conjugate hyperbola; if tan2d = — , the values of x 

CL 

and y, in both (2) and (3) are infinite. 

In the latter case, the line (1) coincides with one of 
the diagonals of the rectangle described on the axes of 
the two conjugate hyperbolas. Hence, if the line (1) 
falls between these diagonals and the axis of Xy it inter- 
sects the given hyperbola ; if it falls between these diag- 
onals and the axis of y, it intersects the conjugate 
hyperbola ; aiid if it coincides with either of these diag- 
onals, it intersects both, at an infinite distance from the 
centre. 

We see from equations (2) and (3), that the two 
points of intersection are equidistant from the centre. 
Hence, every straight line drawn through the centre, 
and terminating in either curve, is bisected at the 
centre. 

If we make a = J, both the conjugate hyperbolas 
become equiaxial, and their equations reduce to. 
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y» — a« = — o» 



(4) 
(5) 



If the axes of an hyperbola are equal, the hyperbola 
is said to be equilateral This corresponds to the case 
in which the ellipse becomes a circle. 

Proposition 34.— To show that the diagonals of 
the parallelogram on the axes are asymptotes to 
both curves. 

67, An asymptote to a curve is a Une that continu- 
ally approaches the curve, and becomes tangent to it at 
an infinite distance. 

The equations of the di- 
agonals CP and CQ may 
be written, 



^ -^ a 



(1) 



Squaring both members, 
we have, 

f = ^^. . . [47] 




Pig. 45. 



If we suppose x to be the same in equations [43], 
[45], and [47], and denote the values of y in [43] and 
[45] by y' and y", to distinguish them from the corres- 
ponding value of y in [47], we have, after reduction. 



y-a^l^.js . . . 



y"'=%^ + ^ 



¥ 



y? 



(2) 
(3) 
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Subtiacting. (2) from {4), fiEkctoring, and redncing, we 
bave, 

y-y' = -^ (5) 

In like manner, subtracting (4) from (3), and reduc- 
ing, we have, 

»"-'=rTV <«' 

The second member of (5) is the distance from any 
point on the first hyperbola to the diagonal, and the 
second member of (6) is the corresponding distance from 
the diagonal to the conjugate hyperbola, these distances 
being measured on a hne parallel to the axis of y. If 
we suppose y to increase numerically, the values of y' 
and y" will also increase numerically, and the corres- 
ponding expressions for y — y' and y" — y will de- 
crease numerically; and finally, when y becomes greater 
than any assignable value, the expressions for y — y' 
and y" — y will become less than any assignable value, 
or 0; that is, as we proceed outward in either direction 
from the centre, the two curves approach the diagonals, 
and finally coincide with, or become tangent to them, 
at an infinite distance from the centre; hence, the com- 
mon diagonals are asymptotes to both curves, which was 
to he shown. 

Two conjugate hyperbolas are obviously asymptotes to 
each -other. It is also obvious that every diameter — that 
is, every straight line through the centre, except the di- 
agonals Teferredto^ntersects one of the two conjugate 

hyperbolas. If its slope is numerically less than -, it 

(I 
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intersects the first curve; if its slope is numerically 
greater than -, it intersects the second curve. 

Proposition 35.— To find the equation of the hy- 
perbola referred to its principal vertex. 

68. In the ellipse, the Uft hand vertex of the trans- 
verse axis is the principal vertex; in the hyperbola, the 
right hand vertex is the principal vertex. 

If we make m = a and w = 0, in [13J and [14], 

we have, 

x=^a + x' (1) 

9 = y' (2) 

Subatitutiiig in [43], dropping the dashes &oin of and 
y', and reducing, we have, 

y> = ^(2ax + z!>) [48] 

which is the required equation. 

This equation might have been found from [33] by 
changing S^ to — ^, and —a to + a. 

Performing the indicated multiplication, substituting 

for — its value 2», and denoting the square of the 
a 

ratio of the semi-axes by r^, we have, 

y^=2px + rh^ [49] 

If we make b=za, in [48], we have, 

y2 _ 2ax + x^. * 

which is the equation of the equilateral hyperbola re- 
ferred to its principal vertex. 
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Proposition 36.— To find the polar equation of 
the hyperbola when the pole is at either focus. 

69. Assuming equation (12), Article 64, we haye, 

r^ — a + ex (1) 

From the figure of Article 64, we have, since OF 
equals ae^ 

a: = ae + rcos0 (2) 

Substituting in (1), and solving with respect to r, we 

have, 

,= _^-l4. . , . . [50] 
1 — ecos0 ■■ -^ 

which is the polar equation when the pole is at tfie 
right-hand focus. 
Assuming equation (11), Article 64, we have, 

r' = a + ex (3) 

From the figure, we have, 

a:= — ae + r'cos0 . ... (4) 

Substituting in (3), and solving, we have, 

, «(1-^) 



1 — eco80 



[51] 



which is the polar equation of the curve referred to the 
left-hand focus. 

Because e is greater than 1, the values of r and r' in 
equations (1) and (3) are both positive if a; is greater 
than a, and both negative if x is less than — a ; that 
is, they are both positive for all points on the right-hand 
hrcmchy and both ^negative for all points on the left-hand 
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Iranch. Hence, the Tallies of 0, that make r and r' 
positive, in equations [50] and [51], correspond to points 
on the right-hand branch, and the values that make r 
and r' negative, correspond to points on the left-hand 
branch of the curve. ^ 

Discussion of the Equations, 

70. If we denote the inclination of either asymptote to 
the transverse axis by 6, we have, from figure 45, 

cos(?=:--^== = i . ... (1) 

Since e^ > 1 , the value of r, in equation [50], will 
be positive, that is, it will • give points of the right- 
hand branch, if e cos < 1 , or if cos < cos ; r 
will be negative, that is, it will give points of the left- 
hand branch, if e cos > 1 , or if cos > cos ; and r 
will be infinite if gcos0 = 1, or if cos0 = cos0. In 
like manner, r' will be positive if cos0>cos0; nega- 
tive \i cos0<cos0, enA infinite, iH cos0 = cos0. 

If we make = 0, we have, after reduction, 

r = — a (1 + e), and r' = a (1 + e) . 

The former determines the left-hand vertex, vrith re- 
spect to the right-hand focus; and the latter determines 
the right-hand vertex, with respect to the left-hand 
focus. 

In like manner, if we make = 180% and reduce, 
we have, 

r=--flf(l— e), and r' = a(l— e), 

which admit of a corresponding interpretation. 
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Prpposition 37. — To find the equations of a tan- 
gent and normal to the hyperbola. 

71. K we change J* to — J», in equations (7), (8), 
(9), and (10), of Article 53, we have, 

e^y' — V^ = —hW [52] 

«'-y' = -^<''-*'> • • • • t^^J 

S-T=^^ .(3) 

S.N = ^ (4) 

Equation [52] is the equation of the tangent; equa- 
tion [53] is the equation of the normal, and (3) and (4) 
are expressions for the subtangent and subnormal, corres- 
ponding to the point {x'j y') of the curve, (Art. 65). 

Since V^ does not enter equation (11), Article 53, that 
equation will be the same for both the ellipse and the 
hyperbola. Hence, we have for CT, or the abscissa of 
the point at which the tangent cuts the axis of Xy 

^ = ? (^) 

This value of x has the same sign as x' ; hence, for 
the right-hand branch it is always positive; that is, the 
tangent to that branch, cuts the axis to the right of the 
centre. If x' increases, the value of CT diminishes; 
and if x' = qo, CT = ; that is, the tangent to the 
curve at the point whose abscissa is oo, passes through 
the centre, as it should, inasmuch as the tangent to 
the curve at an infinite distance is an asymptote. 
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Supplementaiy Chords and Conjugate Diameters. 

72. Two chords are supplementary y when they are 
drawn from the vertices of any diameter to the same 
point of the curve. 

Two diameters are conjugate when either is parallel to 
a tangent at the vertex of the other. 

To find the equations of condition for supplementary 
chords drawn from the vertices of the transverse axis of 
the hyperhola, we change S^ into — ^ in equation [38], 
Article 54 ; this gives, 

tanrtanr' = ^ . . .V . . (1) 

a* ^ 

To find the equation of condition for conjugate diam- 
eters,' we dhange S^ into — ^, in equation [39], Ar- 
ticle 54; this gives, 

tan0tan(?' = -3 .... , . (2) 

If tan^, is numerically less than -, either positive 

or negative, tand' is numerically greater than -; that 

is, if tan2 5<~, we shall have tan2d'>— , and con- 
a Cb" 

sequently from Article 66, we infer that if one of two 

conjugate diameters intersect the given hyperbola, the 

other intersects its conjugate hyperbola, 

K tan = 0, we have tan 0' = oo, which shows that 
the axes are conjugate diameters. 

Since the product of tand and tan^' is positive, they 
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must have the same signs; that is, both S and & mnst 
be acute, or both must be obtuse; hence, the angle be- 
tween any two conjugate diameters, other than the axes^ 
is acute. 

As tand increases numerically, tan^' diminishes nu- 
merically; hence, as one diameter recedes from the trans- 
verse axis, the other approaches it. 

If tand becomes equal to ± -, tan^' also becomes 
equal to ± - ; hence, if a diameter coincide with either 

asymptote, its conjugate coincides with the same asymp- 
tote, . 

The second members of equations (1) and (2) are 
equal; placing their first members equal, we have, 

tand"tan^"=tan(9tan^' .... (3) 

If tan ^ = tan 6", we haye, tan 6' = tan &", and the 
reverse. Hence, if a diameter is parallel to a chord, the 
conjugate of that diameter is parallel to the supplement 
of the chord, and the reverse. 

This principle gives rise to the following constructions : 

1°. To draw a tangent to an 
hyperbola at a given point. — 
Let P be the given point; 
draw CP, and through A draw 
a chord parallel to CP, and 
prolong it till it intersects the 
curve at H; then draw the 
chord HB supplementary to 
AH; through P draw PT parallel to HB; this line is 
obviously, the required tangent. 




Fie. 46. 
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2°. To draw a tangent to a hyperbola parallel to a 
given line. — ^Draw the chord BH parallel to the given 
line; draw its supplement, AH; then draw a semi-diam- 
eter, CP, parallel to AH, meeting the curve at P; 
through P draw PT parallel to HB, and it will be the 
tangent required. 

Proposition 38.— lb prove that a tangent to the 
hyperbola bisects the angle between the focal 
lines to the point of contact, 

73. Denoting the co- 
ordinates of P, by x' 
and y\ we have for CT, 
(Art. 71), 



Xz=i- 



(1) 



Adding this to, and 
subtracting it from, F'C, 
or aey we have, after reduction, 
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YT=zrL(ex' + a) and FT = -, K- a) . . (2) 

X X 

But from equations (11) and (12), Article 64, we 
have, for the focal hues to the point {x\ y'), 

r' = ex' -f «> and r = ex' — a . . . (3) 

Hence, F'T and FT are equimultiples of r' and r; 
consequently, we have, 

r' : r :: FT : FT (4) 

The tangent therefore divides the base of the triangle 
PFT into segments proportional to the adjacent sides; 
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hence, it biflects the angle between those sides, which 
was to be proved. 

This principle gives rise to the following construc- 
tions: 

1^. To draw a tangent to an hyperbola at a given 
point. — Let P be the given point. Draw the focal lines 
PF and PP', and draw PT bisecting the angle between 
them; this line is the required tangent. 

2°. To draw a tangent ^- 

to an hyperbola through a 
point without the curve. — 
Jjet H be the point With 
H as a centre on a radius 
HF, describe an arc; then, 
with F' as a centre, and 
with the transverse axis as 
a radius, describe a second 
arc, cutting the first in G and G'; draw F'G, and pro- 
long it till it meets the curve at P; draw HPT, and it 
will be the required tangent. 

For, HF = HG by construction ; and since P is a 
point of the curve and F'G = 2a, we have PG = PF ; 
hence, PT has two of its points, P' and H, equally dis- 
tant from F and G ; it is therefore perpendicular to FG, 
and consequently bisects the angle FTF; hence, it is 
the required tangent. 

A second point of contact might be found by drawing 
a line from F' to G', and prolonging it to meet the 
curve. 




Fza. 48. 
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Proposition 39.— To find the equation of an hy^ 
perhola referred to its centre and any pair of 
conjugate diameters. 

74. Assume the equation of the hyperbola referred to 
its centre and axes, 

The formulas for changing the directions of the co- 
ordiaate axes without changing the origin, are, 

a? = a;'cosa + y'cosa' (2) 

y^x'Ana + y'mia' (3) 

Substituting these values of af and y in (1), we have, 
after arranging and factoring, 

{a^ sin2 a\ — J2 cos^ a') y"^ + {cfi sin^ a — J2 cos? a) x'^ 

+ 2(a2sinasina' — J^ cos a cos a') a;y = ^aW . . (4) 

which is the equation of the hyperbola referred to any 
oblique axes passing through the centre. 

K the new axes are made conjugate diameters we 
must have, (Art 72), changing 6 and 0' to a and a\ 

tan a tan o' = -z (5) 

or, 

sin a sin a' __l^ 

cosa cosa'"~a2 ^^ 

Clearing of fractions and transposing, we have, 

a^ sin a sin a' — J2 cos a cos a' = ... (7) 
Substituting in (4), we have, 
(a^sin'o'— V^co^a')y'^+{a^mi^a'-l^cQ^a)x'^—^aW . (8) 
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which is the equation of the hyperbola referred to any 
pair of conjugate diameters. 

To reduce this equation to the same form as equation 
(1), let us denote the semi-conjugate diameters by a' and 
i', and furthermore let us suppose that the first one 
meets the curve, in which case we know that the second 
one does not meet it, but terminates in the conjugate 
hyperbola, (Art 72). 

If we make y' = 0, in equation (8), the correspond- 
ing value of x'^ will be equal to a'^ ; if we make 
a;' = 0, the corresponding value of y'^ will be equal 
to -P. 

Making these suppositions, we have, 

a^sin^a — i^cos^a ^^ 

•^b'^=z^ , . ^ f^j^ — rr . . . (10) 
a^sm^a'— ^cos^a' ^ ' 

From (9) and (10), we find, 

a2sin2a-58cos8a=-^ . . . (11) 



and, 



«2sin2a'-62cos8a'=:^. . . . (12) 



Substituting in (8), dropping the dadies from x and 
y, and reducing, we have, 

ay ^ S V = - a'^j'a (54) 

K we had transformed the equation of the conjugate 
hyperbola, we should have an equation the same as 
equation (8), except the sign of the second member, 
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which would have been positive. Prom that we could 
find, in like manner, the equation of the conjugate hy- 
perbola referred to the same conjugate diameters, 

a'Y — V^^ = a^V^ [54]' 

These equations are of the same form as the corres- 
ponding ones referred to the centre and axes. Compar- 
ing [54] with [41], the equation of the ellipse referred 
to conjugate diameters equation, (Art. 57), we see that 
they differ from each other only in the sign of 5'*.' 
Hence, any analytical property of the hyperbola may be 
deduced from the corresponding property of the ellipse 
by simply changing + 5'^, to — V^, or, which is the 
same thing, by changing 5', to ^V— 1« Thus, if we 
change J2, to — S^, and V^y to — P, inequation 
(11), Article 59, we have, 

a'2 _ in = ^2 - J2. 

That is, the difference of the squares of- any two semi- 
conjugate diameters of an hyperbola is equal to the dif- 
ference of the squares of the semi-axes. 

Proposition 40. —To find the equation of a tan- 
gent to an hyperbola referred to conjugate diam- 
eters. 

75. If we change h"^ into — V^y in equation [42], 
(Art. 60), we have, 

a'^yy'-b'h:x'z=^a'%'^ .... (1) 

which is the equation of a tangent to the hyperbola re* 
ferred to conjugate diameters, as axes. 
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To find the point in which this tangent cnts the axis 
of X, we make y = in (1), which gives, 

0; = ?? .^ (2) 

X 

This value of x is equal to 0, if x' is infinite, and 
equal to a', if x' equals a'. 

Of Poles and Pokirs. 

76. It may be shown by a course of reasoning entirely 
similar to that used in Article 61, that if. any pair of 
conjugate diameters be assumed as axes of co-ordinates, 
and any line be drawn parallel to the one taken as the 
axis of y, and if a pair of tangents be drawn to the 
curve from any point of this line, the corresponding 
chords of contact will all intersect at a common point 
of the axis of x. This point is called the pole of the 
line, and the line is called the polar of the point. 

Every point in the plane of the curve has a polar, 
and every straight line in that plane has a pole. The 
methods of constructing the pole of a li7ie, and the polar 
of a point, are entirely analogous to those given for the 
corresponding cases in Article 61. 

As in the ellipse, the polar of either focus is a direc- 
trix of the curve, that is, it is a line such that the dis- 
tance of any point of the curve from it bears a constant 
ratio to the corresponding focal distance of the same 
point. 

The constant ratio is the excentridty of the hyper- 
bola. 
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Proposition 4:1. — To find the equation of the 
hyperbola, when referred to its asymptotes, 

11. Let ns take the aaymptote CQ aa the axis of a?, 
and the asymptote CP as the axis of y. Then wfll 

flina=— ^= ; . . . . (1) 

CB a ,,,, 

coso =^^T^= — (2) 

• . BP J 

sina' = ^;^ = -— = ..... (3) 

f CB a 
C08a^ = ^^p-= . = (4) 

From these equations we finely 
fl^sin^a' — ^cos^a' = 0; 
a^sin^a — J^cos^a =0; and 
a^sin asina'— .^cosacosa'rr — ; 

which are equations of condition for asymptotes. 

Substituting these in equation (4), Article 74, which 
is the equation of the hyperbola referred to any oblique 
axes through the centre, we have, 

-^^>'=-«'^ <«) 

which is the equation of the hyperbola referred to its 
asymptotes. Dropping the dashes from x' and y', and 
reducing, we have, 

«' + ** ia\ 

7 



146 



AKALTTICAL OEOMETRT. 



Denoting the value of the 

second member by m, we S 

haye, 

xy=im . . [55] 

iffhich is the required equa- 
tion. 

Making the second mem- 
ber of (5) positive, and pro- 
ceeding as before, we have. 




Fn. 49. 



iry=— m ...... [55]' 

which is the equation of the conjugate hyperbola referred 
to th0 same asymptotes. 



Discnssion of the Equation. 

78. If we solve equation [55] first with respect to Xy 
and then with respect to y, we have, 



m 
x = — 

y 



(1) 

(2) 



tVom equation (1) we see that as y increases, x di- 
minishes ; and when y = oo, a: = 0. This shows that 
the curve approaches the axis of y, and finally becomes 
tangent to it, at an infinite distance from the centre. 
From equation (2) we infer, in like manner, that the 
curve approaches the axis of x, and finally becomes tan- 
gent to it, at an infinite distance from the centre. 

The second member of equation [55] is essentially 
pdsitive; hence, feoth a; and y have the same sign. 
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This shows that one branch lies wholly above the axis 
of 'Xy and to the right of the axis of y, and the other 
wholly below the axis of z, and to the left of the axis 
of y. 

In like manner^ it can be shown from equation [55]', 
that one branch of the conjugate hyperbola lies wholly 
above the axis of x, and to the left of the axis of y, 
and the other wholly below the axis of Xy and to the 
right of the axis of y. 

If we suppose a = b, the 
hyperbolas become equilcUeraly 
and the asymptotes are then 
perpendicular to each other. 
In what follows, we shall sup- 
pose the hyperbolas to be equi- 
axial, or equilateral. ^^ ^ 

Proposition 42. — To find the equation of a tan- 
gent to an equilateral hyperbola, referred to the 
asymptotes. 

' 79. Assume the equation of the hyperbola, referred to 

its asymptotes, 

xy = fn. (1) 

Tha conditions that place the points (x'^y') and (flj",y") 
on the curve, are, 

x'y' = m and x"y" = m. 

Subtracting the first of these from the second, mem- 
ber from member, we have, 

X y — xy :=\>. 

Adding and subtracting x'y, and &ctoring, we have, 
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X — X 



(3) 



The second member of (3) is the slope of the secant; 
if we make y" = y' and x" = x\ we find for the 
slope of the tangent. 



tan<9'=-^ 

X 



(*) 



Substitiiting in [23], we have, for the equation of the 
tangent, 



y-y' = -!i(» 



■X') 



[56] 



Substituting in [25], we find for the subtangent, 

S.T=-a/ (6) 

This shows that CQ= QT ; ^ M 

and since the triangles BCT 
and PQT are similar, we 
have BP = FT. Hence, 
that portion of a tangent, 
which is intercepted be- 
tween the asymptotes is bi- 
sected at the point of con- 
tact 




Fie. 51. 



Proposition 43.— To show that the intercepts of 
a secant, between the curve and its asymptotes 
are equal. 

80. If in equation [5] we make the coefficient of the 
second member equal to the second member of equation 
(3), Article 79, we have. 
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y-y = -|;(z-a:') (1) 

l^hich is the equation of a secant through the points 
{x\ y') and {x"y y"). Let these points be P and F, re- 
spectively (Pig. 51); then will 

CQ = a:', CQ' = EF = a:^ QP = y', and Q'F=y". 

If we make y = in equation (1), the correspond- 
ing value of X will be equal to CN".- Making the sub- 
stitution and reducing, we have, 

GS = z' + x" (2) 

Hence^ 

G'S--x'^x"\ 

or, 

QN = RP'. 

Now the triangles QNF and EP'M are mutually equi- 
angular; and since their homologous sides, QN and BP', 
are equal, the triangles are equal in all their parts; 
hence, NP = P'M, which was to he proved. 

This principle gives rise to a method of constructing 
the curve, when its asymptotes and pne point are 
given. 

Through the given point, draw any straight line, in- 
tercepted by the asymptotes; then lay off on this line, 
from one asymptote, a distance equal to the given point 
from the other asymptote; the point thus found will be 
a point of the curve. Find in this manner any number 
of points, and draw a line through them; thu is the 
required line. 
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PROBLEMS. 

1^. Find the axes of the hyperbola whose equation is, 
3ya — 2a;« = — 12. 

Ans. a = V6, and J = 2. 

2^ Find the excentricity of the hyperbola^ 
3y8 — 2a« = — 12, 
and also the excentricity of its conjugate. 

Ans. 6 = y ^, and 6'=y g' 

3°. Find the intersection of the hyperbola^ 

3ya — 2a« = — 12, 
and the circle, 

a;a + y8 = 16. 

Ans. (±2V3, ±2). 

4°. Find the parameter of the hyperbola, 
df — 22:2 = — 12. 

g 
An8. 2o = —rr. 

5°. Determine the position of the point (2, 3) with 
respect to the hyperbola, 

43^ — 2a« = — 9. 

Ans, It lies without the curve. 
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6°. Find the angle included between the asymptotes 

of the hyperbola, 

16y2 - 9a?» = - 25. 

Ans. 73° 44'. 

7°. Find whether the line y = Ja; intersects the hy- 
perbola 6y^ — 2ie8 = — 16, or its conjugate. 

Ans» It intersects the conjugate. 

8°. Find expressions for the subtangent and subnor- 
mal of the hyperbola, 

3y8-ar«=-9, 

at the point whose abscissa is 6. 

Ans. S.T = 4i, and S.N = 2, 

9°. Find the perpendicular distance from the focus ol 
any hyperbola to its asymptote. 

Ans, The semi-conjugate axis, 

10°. . Find the equation of a tangent to an hyperbola 
in terms of its slope and the semi-axes. 

Solution, — ^From equation (2), problem 10°, on the 
ellipse, (Art. 61), we have, by changing ^ to — ^, 

y=zxt8LiiO+ Va^tan*^ — ^. . . . (1) 

which is the required equation. 

11°. To find the locus of the intersection of any tan- 
gent and a perpendicular to it, from the focus. 

Solution. — By a process entirely analogous to that 

employed in the solution of Problem 11°, on the ellipse, 

(Art. 61), we find, 

a^ + y^=ia^. 
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Henoe, the required locus is a circle described on the 
transyerse axis as a diameter. 

12°. Find the position of the point {x', y'), so that 
its distance firom any point of the hyperbola shall be ra- 
tional in terms of the abscissa of that point 

Ans. It must be at one of the foci, 

IX. Lines of the Second Order. 
Classification of Lines. 

81. Lines lying in a single plane are classed accord- 
ing to the degree of their equations. 

A line of the first order, is one whose equation is of 
the first degree. 

It has been shown that every line of the first order is 
a straight line. 

A line of Ihe second order, is one whose equation is 
of the second degree. 

. It has been shown that the circle, the pafahola,- the 
ellipse, and the hyperbola, are lines of the second order; 
it remains to be shown that every line of the second 
order is one of these curves. 

General Equation of the Second Degree. 

82. Every equation of the second degree between two 
variables^ is a particular case of the general equation, 

aj/^-hbxy -^csfi + dy + ex+fzzzO . . (1) 

in which a, b, c, &c., are arbitrary constants. 
We shall suppose the axes of co-ordinates rectangular; 
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for, if they were oblique, we might transform the equa- 
tion to one in which the axes were rectangular without 
affecting its forniy or degree. 

In order to determine the particular lines represented 
by equation (1), under the various hypotheses that may 
be made on the constants that enter it, we shall subject 
it to a series of transformations, the object of which is 
to reduce it to some known form. 



First Transformation. 

83. The object of this transformation is to get rid of 
the term containing the product of x and y. To accom- 
plish this, we refer the line to a new set of rectangular 
axes, having the same origin as before. The formulas 
for making this transformation are found by making m 
and n equal to 0, in equations [11] and [12]. This 
change gives, 

. . . .[11] 



xz=ix cosa — y sm a 
y = re' sin a -f- 3^' cos a 



[12] 



Substituting these values of x and y in equation (1), 
and arranging the terms of the resulting equation, we 
have, 



acos^a 
+ csin»a 
— Jsinacosa 


y'3+ 2 (a— c) sin a cos o 
4-6(008*0— sin^o) 


x'y' + a^iTL^a 
-l-ccos^a 
+$sinacosa 




+ dcosa 
— e sina 


y' + dsino 
+ ecosa 


x! 


+/=o . . . 



Since a is arbitrary^ we may assign to it such a value 
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HB wUl reduce the co^cient of oiif to ; that is, we 
may assume, 

2(a — c)8inaoo6a + ^(cos'a — sm'a) = 0* 

Bat, we know fix>m trigonometry that, 

2sinacosa = 8in2a, and oo^a — sin'a = cos2a. 

Substituting these in the preceding equation, and 
transposing, we have, 

(a — c) sin 2a = —ft cos 2a. 
Whence, 

taii2a = — ^ (3) 

From this value of tan 2a the value of a may be 
found, and since tan 2a is real, the first transformation 
is always possible. 

Denoting the corresponding values of the coefficients 
of the diflferent terms of equation (5), by a', c', d', &c., 
and dropping the dashes from the variables, we have, for 
the^r^^ transformed equation, 

ay-hc'a^ + d'tf + e'x-hf=0 ... (4) 

To find the values of a' and c', in equation (4), we 
have, 

a' = acos^a + csin^a — d sin a cos a; 

e' znasin^a + cco^a + dsinacosa. 
But, 

aco#a=5acos'a4-^(l— sin^a) =-a+^a(co8'a— sin'a); 
csin'a=gcsin«a^.-c(l — cos^a)=^c— -c(co#a — sitfa). 
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H^ce^ by substitution and reduction^ 

a' = -^[g 4- a — (c — a)co82a — Jsin2a.] 

And in like manner^ 

c' = ^[c + a + (c — a) cos 2a + Jsin2a], 

Now we know from trigonometry that, 

cos2a = =z = 

• VI + tan2 2a V(c — a)8 + 6* 

. - tan 2a b 

sm 2a = = ——=:=== 

Vl + tan2 2a V{c — a)^ + ^ 

Substituting these in the values of a' and c', we have, 
a' = |[c + aTV(c-a)2 + *«] ... (5) 

c' = l[c + a±V{c-^a)^ + i^] . • . (6) 

Second Transformation. 

84. The object of this transformation is to get rid of 
the terms containing the first powers of x and y. To 
accomplish this, we refer the line to a set of rectangu- 
lar axes, parallel to the first set, but having a different 
origin. The formulas for making this transformation are, 

x = m + x' [13] 

y=: n-hy'^ • • • • ' • M 
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Sabstitnting these valaes for x and y, in equation (4), 
and arranging the terma of tlie resnlting equation, we 

hare, 

a'y'*+e'x'*+%a'n I y'+2c't» x'+a'n^ = ... (7) 

+d' 1 +«' +cW 

+e'm 
+/ 

Since m and n are entirely arbitrary, we may^ in gen- 
eral, attribute such yalnes to them as to make the co- 
efficients of x' and y' equal to 0, or, to satisfy the equa« 

tions, 

%a'n + i' = and 2c'm + e' = 0. 

That is, we may make, 



n= — 



2a' 



and w= — 



W 



(8) 



When neither a' nor c' is equal to 0, the transforma- 
tion can be made. In this case, denoting the absolute 
term by — /', and dropping the dashes from x' and y\ 
we have, for the second transformed equation^ 

aY + c'^^f W 

When either a' or c* is equal to 0, the new origin will 
be at an infinite distance, and the second transformation 
becomes impossible. We cannot, however, suppose that 
both a' and c' are equal to at the same time, because 
that would reduce equation (7) to an equation of the 
first degree. Let us, then, suppose that one of them, 
as c\ is equal to 0. In this case, the first transformed 
equation reduces to, 

ay + dV+-^«+/=0 . . . • (10) 



LIKES OF THE SECOND OBDEB. 157 

. Let tKis equation be transformed so as to get rid of 
the. second and fourth terms. For this purpose, substi- 
tute for X and y their values taken from equations [13] 
and [14]. Substituting and amtnging the terms of the 
resulting equation, we have, 






= . . (11) 



+/ 

Making the coefDcient of y' and the absolute term 
each equal to 0, we have, 

2a'w + d' = 0, and aV 4- d'n 4- em +/= ; 
whence, by combination and reduction. 

These values of n and m are finite, and the transfor- 
mation can be made, except when f! = 0. Firsty sup- 
pose f! is not equal to 0. In this case, dropping the 
dashes irom x and y in (11), substituting for m and n 
their values taken from (12), transposing, and reducing, 
we have, 

y» = -j,x (13) 

Secondly, suppose e' = 0. In this case, equation (10) 

reduces to, 

ay+d'y+f=0; 

whence, by solution. 



d' , ./ f ^ d» 



or. 



y=^,\-d'±Vd'»-ia'/i. . . (14) 
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DuiCIISttMl* 



88. It has been shown in the preceding articles, that 
the general equation, (I), of the second degree between 
two variableSy may be reduced to one of the three fonnd 
shown in equations (9), (13), and (14). 

In the discussion of these equations, there may be 
three cases: 

1**. We may have ^ = 4ac 

In this case, the quantity under the radical sign, in 
equations (5), and (6), becomes equal to the square of 
e + a, and either a' or c' reduces to ; if we suppose 
c' = 0, as in Art. 84, we shall have o' = « -f c. 

2*". We may have, i^ < 4ac. 

In this case, the radical in (5), and (6), is less than 
c + a; consequently, a' and c' have the same sign. 

3°. We majfc have J* > 4ac. 

In this case, the radical is greater than c + a; conse- 
quently, a' and c' have contrary signs. 

First Case: V = 4ac. 

86. In this case, the general equation may be re- 
duced either to the form, 

y» = -|I-x (13) 

or, to the fonn, 

... . y = l,|_<±Vrf'»-4a/j . . . (14) 
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Equation (13) is the equation of a parabola whose 
parameter is y This parabola lies to the right of 

the axis of 2^, if e' and a' have contrary signs, and to 
the left of that axis, if e' and a' have the same signs. 

Equation (14) is independent of Xy that is, it is true, 
whatever may be the value of x ; hence, it is the equa- 
tion of two straight lines parallel to the axis of x. 
These lines become coincident ^ if d'^ = 4a/, and they 
are said to be inuiginary, if d*^ < 4a/. 

Two parallel straight lines, one ^straight line, and two 
imaginary straight lines, are regarded as limiting cases 
of the parabola. 

Second Case; J^ < 4ae?. 

87. In this case, both a' and c' have the same sign, 
and equation (9), has the form, 

ay + c'a^=f (9) 

We may regard both a' and c' as positive; for, if 
they were not, they might be made so, by dividing both 
members of the equation by — 1 . 

Dividing both members of equation (9) by /', we 
have, 

|iy»+^,a^ = l (15) 

Comparing this with equation [32], we see that it has 
the same form; hence, equation (15) is the equation of 
an ellipse. 
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If we denote the semi-axes of this ellipse by A, and 
B, we have> 

A=V^, and B = V^. 
^ c • ^ a 

If a' and c' are equal, the values of A and B are also 
equal, and the curve is a circle. 

If /' is essentially negative, the values of A and B 
are imaginary, and the corresponding curve, is called an 
imaginary curve. 

If /' is equal to 0, the values of A and B are also 
equal to 0, and the curve reduces to a point. 

The circUy the pointy and the imaginary curve, are 
regarded as limiting cases of the ellipse. 

Tnird Case ; j^ > 4ac. 

88. In this case a' and c' have contrary signs, and 
equation (9), takes the form, 

aY-^c'x^^zf (16) 

We may regard o' as positive ; for, were it not, it 
might be made so, by dividing both members of the 
equation by —1. 

Dividing both members of (16) by /', we have, 

|;y»^i> = l ...... (17) 

In this equation /' may be essentially negative ; or it 
may be essentially positive; or it may he* equal to 0. 

Mrst, suppose /' essentially n^ative ; giving to it its 
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proper sign, and then dividing both members by — 1» 
we have, 

^f^^a^=^l (18) 

which is of the same form «is [44]. Hence> equation (18), 
is the equation of an hyperbola. 

Secondly, suppose /' essentially positive ; in this case, 
we have, 

^y^^pa^ = l (19) 

which is of the same form sa [46]. Hence, equation 
(19) is the equation of an hyperbola, conjugate with the 
hyperbola (18). 

If we denote the semi-axes of these curves by A and 
B, we have, 

A = i/?, and* 8 = 1/-^. 
^ c ^ a 

If a' equals c\ the values of A and B are equal, and 
the hyperbola is equilateral 

Thirdly, suppose /' to be equal to 0; in this case, 
equation (16), reduces to the form. 



y' = j,^ ". (20) 



Whence, 



-=±v^ 



^' (»" 



which is the equation of two straight lines that intersect 
each other at the origin. 
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The equilateral hyperbola^ and two intersecting straight 
lines, are regarded as limiting cases of the hyperbola. 

From what precedes, we couclade that the general 
equation of the second degree^ between two yariables, 
always represents, a parabola, an ellipse, an hyperbola, or 
some one of their limiting cases. 

If J* = 4flc, it represents a parabola ; if J* < 4ac, 
it represents an ellipse; if VyAac, it represents an 
hyperbola. 

We may readily deduce a general expression for the 
excentricity of a line of the second order. From the defi- 
nition of the excentricity of the hyperbola, and ellipse, 
we have, 



,=4/^ 



±B^ 



in which A and B are the semi-axes. Snbstitnting for 
A' and B', their values as found above, and reducing, we 
have. 



,=4^ 



^ w 



The upper sign corresponds to the hyperbola, the 
lower sign to the ellipse, and making c' = 0, we have 
the excentricity of the ^larabola. 

In the ellipse, the excentricity may have any value, 
from to 1 ; in the parabola, it is always equal to 1 ; 
and in the hyperbola, it may have any yalue from 1 
to 00, 
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16a 



Of Centres. 

89. A centre of a cnrve is a point that bisects every 
straight line passing through it, and terminating in the 
curve. 

If the origin of co-ordinates be taken at the centre, 
the equation of the curve must be of such a form that 
it will not be changed by substituting — x, and — y, 
for + Xy and + y ; that is, it must be homogeneous with 
respect to the variables that enter it. 

Let us resume equation (1), and transform it so as 
to get rid of the terms that are of the first degre^ with 
respect to x and y. The formulas for making this 
transformation are, 



x = m + x' 
y=z n + y' 



[13] 
[14] 



Substituting these values of x and y, in equation (1), 
and arranging the resulting equation, we have. 



ay'^+bx'y'+cx'^+2na 


y'+2mc 


x'+an^ 


= . . (22) 


+d 


+ e 


+ bmn 




+lm 


+bn 


+cm^ 


+dn 


+em 


+/ 


Putting the coefficients of x' and y' equal to 0, we 


have, 


2flw + *^ + ^ = 0, 


in:\- 


2cm + e.: 


= 0. 





164 ANALYTICAL OBOHEIBY. 

Combining these equations^ we find, 

2<M — M 



^ = ^-3^ (23) 

•* = jaZr4^ (^^) 

Making these substitutions in equation (22), represent- 
ing the absolute term by, — /', and dropping the daahea 
from the yariables, we have, 

«3^ + fta?y + <;a!»=/' (25) 

If we change x, and y, to —re, and — y, the form of 
(25), will not be changed. Hence, the origin of co-ordi- 
nates is the centre of the curve, and the values of m 
and w, in (23) and (24), are its co-ordinates when re- 
ferred to the primitive system. 

The values of m and n, are finite for the ellipse and 
hyperbola, but they are both infinite for the parabola. 
Hence, each of the former curves has a centre, but the 
latter has no centre, at a finite distance. 

PROBLEMS. 

l^ Determine the species of the curve whose equa- 
tion is, 

5y' + 4a;y + 3a?8 - 7y - 2a; - 4 = 0. 
AWe.«on.~Here, J = 4, a = 5, and c = 3; hence, 

J^<4fl(5. 

The curve i» /a^^aw-- 77- 

*« insrefore an eUtpse. 
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3^. Find the position of its centre, and the inclina- 
tion of its principal axis. 

Solution. — ^We have, = 6, J = 4, c = 3, rf = — 7, 
and e = — 2. Hence, from (23) and (24), we have, 

2 . 17 

(2 17 \ 

To find the slope of the principal axis, we have, from 
equation (3), 

tan2a=:-|; .-. 2a = 116° 34', or, a = 68° 17'; 

that is, file inclination of the principal axis is 68° 17', 
with respect to the primitive axis of abscissas. 

3°. Determine the species of the curve, 

y» — 2a;y -f 2a;3 — 2y + 2a; = 0, 

and find the points in which it intersects the axis of x, 

Ans. The curve is an ellipse. It intersects the axis 
of a? in the points (0, 0) and (—1, 0). 

4°. Find the points in which the curve, 

y»— 2a;y + 2a;3— 2a; = 0, 

cuts the co-ordinate axes. 

Ans. It cuts the axis of x in the points (0, 0) and 
(1, 0), and is tangent to the axis of y at the origin. 

Determine the species of the following curves: 
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6^ y» — ay — 2a;' — y — 3« = 0, 

Ans. It is an hyperbola. 

6**. y» — 2ary + x» — a; — y — 1 = 0. 

Ans, A parabola. 

T. y» — 2ay + 2a;3 + 2y + a: + 3 = 0. 

Ans, An ellipse. 

8°. Find the equation of the diameter of the curve, 

y2_2a:y + 2a:» — 2a; = . . . . (1) 

that bisecta all the chords parallel to the axis of y. 

Solution. — H we solve equation (1), with respect to y, 
we hare, 

y=ix± V — a;(a: — 2) (2) 

For every value of x between and 2, there are two 
corresponding values of y, one equal to that value of Xy 
plus the corresponding value of the radical, and the 
other equal to that value of ar, minus the corresponding 
value of the radical; that is, the line whose equation is, 

y = ^ (3) 

is such, that if fsoia any point whose abscissa is greater 
than and less than 2, we lay off a distance upward, equal 
to the corresponding value of the radical, and also a 
distance downward, equal to the corresponding value of 
the radical, we shall in both cases, determine points of 
the curve. Hence, the line (3), is the equation of a 
diameter, which was to be found. 

9°. Fmd the length of this diameter, and also the 
length of its conjugate. 
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Solution, — Combining equation (3), with the equation 
of the curve, we find for the two points of intersection, 

(0,0), and (2,2). 

The distance between these points is equal to 2\/2; 
this is the length of the first diameter. 

To find the length of the second diameter, make x 
equal to 1, the abscissa of the centre; the correspond- 
ing viluesof y are, 

y = 0, and y = 2. 

Hence, the extremities of the diameter parallel to the 
axis of y, are, 

(1,0), and (1,2), 

and the distance between these points, that is, the length 
of the corresponding diameter, is equal to 2. 

10°. Determine the species of curve of the second or- 
der, that passes through the points (0, 1) and (0, 2) 
of the axis of y, and through the points (2, 0) and 
(3, 0) of the axis of x. 

Solution. — ^Dividing both members of equation (1) by 
fy and denoting the resulting constants by a\ Vy c', &c., 
we have, 

aY + Vxy + c'a? + rf'y + «'« + 1 = . (1) 

Making, a;=:0, we have, 

ay + rfV = -l • • • • • (^) 
Making, y = 0, we have, 

c'a;» + «'«=—! (3) 
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The roots of equation (2) must be equal to 1, and 2, 
and the roots of (3) must be equal to 2 and 3. Hence, 
we have the following equations of condition : 

a' + rf'=-l (4) 

4fl' + 2dr=-l (5) 

4(?' + 26' = — 1 (6) 

9c' + 3«' = -l (7) 

Combining and solving, we find, 

/ 1 ji/ 3,1 J , 6 

o=^, d' = -^, c' = g, and « = -g. 

Substituting in (1), multiplying by 6, and reducing^ 
we have, 

3y» + 6&ry + a^ — 9y — 6a? + 6 = . . (8) 

which is the equation of the curve ; and since b is en- 
tirely arbitrary, we may give to it such a value as will 
make the curve, (8), either an ellipse, an hyperbola, or a 
parabola. 

ll**. Find the equation of a curve of the second order, 
tangent to the axis of x at the point (1, 0), and to the 
axis of ff at the point (0, 2). 

Solution.— The roots of equation (2), (last problem), 
must both be equal to 2, and the roots of - equation (3) 
must both be equal to 1. Hence, we have, 

and, 
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Substituting these in (2) and (3)^ (last problem), and 

at the same time making y = 2, and x=zl, we 

have, 

4a' + 4Va'=— 1, 
and, 

C' + 2V7=-1. 
Whence, 

and, 

V7=-1. 
Consequently, 

a' = j, c' = l, d' = -l, and «'=-2. 

Substituting these yalues in equation (1), (last prob- 
lem), multiplying by 4, and determining V by the rela- 
tion,"^ i'^ = 4a'c' = 1 , we have, 

y» + try + 40:3 - 4y - 8a; + 4 = 0, 

which is the required eqtiaiion. 

12*". Find the centre of the hyperbola, 

y» + 4a;y + 3a:3 — 6y — 6a; — 3 = 0. 

Ans. (J, -4). 

13^ Find the centre of the line, 

y» — 2a;y — a:^ — 4y — 8a;+8=:0; 

also determine the species of the curve. 

Atis. Its centre is at the point (— 3, «-» 1), and th$ 
curve is an hyperbola. 
8 
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14''. Find the equation of the diameter of the last 
curve, that bisects all chords paraDel to the axis of y. 

Ans. y = x-\-2. 

15®. Find the slope of the principal axis of the cuire 

in Problem 13^ 

Ans. tana = tan 22° 30' = .414. 

16^ Find the equation of the ellipse, 

3y» + 4a?y + 2a:« + y + 3a: + | = . . (1) 

referred to its centre, and axes parallel to the primitiye 

ones. 
# 
Solution, — The required equation is of the form of 

(26), Article 89. Comparing this with (22), we see that 
a, by and c are the same as in the primitive equation, 
and that — /', is what that absolute term in (22) be- 
comes when m and n have the values shown in (23) and 
(24). To find the value of — /', let us take the ex- 
pression, 

— /' = an^ + bmn + cm^ + dn + em +f . . (2) 
This can be written under the form, 

— /' = 5 {2an + lm + d)n + ^(2cm + bn + e)m 

+ ^{dn + ein)+f. 

Giving to m and n their values in (23) and (24), the 
first two terms reduce to 0; and after reduction, we 
have. 
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-/ - — ^_4a^ +/• • • • (3) 



In this particular case, we haye, 

a=a, * = 4, c = 2, rf = l, « = 3, and /=«• 



Hence, we have, o 

and &om equation (25) we have, 



Sf+ixy + 2a^=^ (4) 

whicJi is the required equation. 

In like manner, any curve of the second order, that 
has a centre, may be transformed. 

17°. Find the lengths of the semi-axes of the curve, 

3y« + 4a:y + 2a:» = 3 • . . . , (1) 

Solution. — If the co-ordinate axes be turned around 
the origin till the term bxy disappears, the new co-ordi- 
nate axes will coincide with the axes of the curve. In 
this case, the inclination of the new axis of x can be 
found from equation (3), Article 83, and the values of 
a' and- c' can be found from equations (5) and (6), 
Article 83. 

In this particular case, we have. 



o' = |(5-Vl7) = ^. 
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Substituting these, together with the yalue of f\ in 
equation (9), Article 87, and multiplying by 20, we 

have^ 

91ya + 9aj»=:60; 
hence, 

A = |/f and B=.4/| . An. 



PAET II. 

ANALYTICAL GEOMETRY OF THREE 
DIMENSIONS. 



I. Preliminary Principles. 
Rectangular Co-ordinates. 

90. The relative positions of points in space may be 
determined by referring them to three planes, perpendic- 
ular to each other. These planes are called co-ordifiate 
planes. 

The first of these planes will be regarded as horizon- 
tal ; the second will be taken perpendicular to the first, 
and in front of the observer, who is supposed to stand 
on the first plane ; and the third will be taken perpen- 
dicular to both the others, and on the left of the ob- 
server. 

The first of these planes is called the plane xy, the 
second, is called the. plane xzy and the third, is called the 
plane yz. 

These planes extend to an infinite distance in all di- 
rections, and divide all space into eight polyhedral angles. 

The first of these angles lies above the plane xy, in 
front of the plane xz, and to the right of the plane yz; 
that is, it is the angle in which the observer is placed; 
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the second is to the left of the first; the third is behind 
the second; the fourth is to the right of the third; the 
fifth is below the first; the sixth is below the second; 
the seventh is below the third; and the eighth is below 
the fonrtlu 

The co-ordinate planes in- 
tersect each other in three 
lines, AX, AY, and AZ, s 

called co-ordinate axes; the 
line in which the planes xjf 
and xz intersect, is called the 
axis of x; that in which the 
planes xy and yz intersect, is ^^ 

called the axis of y ; and 

that in which the planes xz and yz intersect, is called 
the axis of z. 

The co-ordinates of a point, are the distances of the 
point from the three co-ordinate planes. Let P be any 
point in space, and through it suppose three planes to 
be passed, parallel respectively to the three co-ordinate 
planes. These planes, together with the co-ordinate 
planes, will form a rectangular parallelopipedon, whose 
parallel edges are equal to each other. The distances, 
SP, RP, and QP (Fig. 52), are the co-ordinates of the 
point P; the first two, are sometimes called abscissas^ 
and the third, is then called an ordinate. 

The co-ordinates of a point are designated by the 
tome letters as the axes to which they are parallel. 
Thus, SP, or its equal, AB, is denoted by x, EP, or its 
uqual, AC, is denoted by y, and QP, or its equal, AD, 
is denoted by z. 
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Each coordinate is supposed to spring from the plane 
to which it is perpendicular, and to terminate in the 
point to which it belongs. The abscissa x, springs firom the 
plane yz, and it is positive when estimated to the right, 
and negative when estimated to the left; the abscissa 
y, springs from the plane xzy and is positive when esti- 
mated to the front, and negative when estimated to the 
rear : the ordinate Zy springs from the plane xy, and is 
positive when estimated upward, and negative when esti- 
mated downward. 

Points are expressed by writing their co-ordinates in 
alphabetical order, within a parenthesis, and separating 
them from each other by commas ; thus, (2, 3, 4), is 
the expression for a point whose abscissa x is 2y whose 
abscissa y is 3, and whose ordinate z is 4, The signs 
of the three co-ordinates of a point determine the angle 
in which the point is situated. 

Polar Co-ordinates. 

91. The point P will be determined in position when 
we know the distance AP, called the radius-vector, the 
angle XAQ, called the azimuth, and the angle QAP, 
called the elevation (Fig. 52). The point A is then 
called the pole. 

Denoting the radius-vector of P by r, its azimuth by 
a, and its elevation by <t>, we have from the figure, 

ar = rcos<^cosa, y = rcos<^sina, and z=zrsm(t> . (1) 

These equations enable us to pass from a system of 
rectangular to a system of polar co-ordinates, the pole 
being at the origin, and the plane from which azimuths 
arc reckoned, being the plane xz. 
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Of Projections. 



92. The projection of a point on a line^ is the foot of 
,a perpendicular from the point to the line. Thus, B^ G, 
and D (Fig. 52), are the projections of the point P on 
the co-ordinate axes. 

The projection of a point on a plane, is the foot of a 
perpendicular from the point to the plane. Thus, Q, E» 
and S are the projections of the point P on the co-ordi- 
nate planes. 

In both cases the line that determines the projection 
of a point, is called the projector of that point 

The projection of one straight line on another is that 
portion of the latter which is intercepted between two 
planes passed through the extremities of the first, and 
perpendicular to the second. Thus, AB, AC, and AD, 
are the projections of the line AP, on the axes of co- 
ordinates. 

It is obvious that the projections of the same line, on 
any two parallel lines, are equal, and that either projec- 
tion is equal to the given line multiplied by the cosine 
of its inclination to the line on which the projection is 
made. It is to be understood that the angle between 
two lines that do not intersect, is equal to the angle be^ 
tween two lines drawn through any point, and parallel 
to the given lines. One straight line may be projected 
on another by projecting the extremities of the first 
upon the second. 

The projection of a line on a plane is that line of the 
plane which joins the projections of the extremities of 
the given line. Thus, AQ is the projection of AP on 
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the plane xy. The plane through AP, perpendicular to 
the plane xy^ is the projector of the line AP, and it is 
made up of the projectors of all the points of the line 
AP. 

It is obvious that the projection of any line on a plane 
is equal to the given line multiplied by the cosine of its 
inclination to the plane. K the line is parallel to the 
plane, its projection is equal to the line itself. 

The projection of a curve on a plane is made up of 
the projections of all its points. The projectors of the 
different points form a cylindrical surface^ each projec- 
tor being an element of the surface, and the projection 
being the base of the cylinder. 



Proposition 4A.—To find a fomvula for the dis- 
tance between any two points in space, 

93. Let it be required to find a formula for the dis- 
tance between the points (»', y', z') and {x'\ y'\ z"). If 
three planes be passed through each point parallel to 
the co-ordinate planes, they will form by their intersec- 
tions a rectangular parallelopipedon. The required dis- 
tance is one of the diagonals of this parallelopipedon, 
and its concurrent edges, that is, the three edges that 
meet at one extremity of the diagonal, are respectively 
parallel to the co-ordinate axes. The edge parallel to 
the axis of x is equal to x" — x^ ; that parallel to the 
axis of y is equal to y" — y' ; and that parallel to the 
axis of z is equal to z!' — «'. Denoting the required dis- 
tance by dy and recollecting that the square of the di- 
agonal of a rectangular parallelopipedon i^ equal to 
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the sum of the squares of three concorrent edges, we 
have, 

i = V(zV a:')» + (y"~ yj + ij!' - Tlf . . (1) 

The quantities x" — x\ y" — y', «" — «', are re- 
spectively equal to the projections of d on the co-ordi- 
nate axes Xy y, and z. Hence, the square of the length 
of any straight line in space^ is equal to the sum of 
the squares of its projections on any three rectangular 
axes. 

Angles Between a Line and the Axes. 

94. To find the relation between the cosines of the 
angles that a straight line makes with the co-ordinate 
axeSf let us draw a line AP (Fig. 52) through the origin 
and parallel to the given line, and let us make its length, 
AP, equal to 1. The angles that AP makes with the 
co-ordinate axes are equal to the angles that the given 
line makes with those axes. Denoting these angles by 
X, Y, and Z, we have, 

AB = APco8X, AC = APoosY, and AD = APcosZ. 

But from the principle deduced in the last article, we 
have 

AP» = AB2 + A(? + AD«. 

Substituting for AB, AC, and AD, their values, and 
remembering that AP = 1, we have, 

1 = cos^X + cos»Y + cos^Z .... (1) 

That is, the sum of the squares of the cosines of the 
angles that any line makes with the axes of co-^yrdi- 
nates is equal to L 



THE STBAIGHT XIKB, 



179 



II. Of the STRA.IGHT LiNE. 

Proposition 45.-10 find the equations of any 
straight line in space. 

95. Let BQ and CR be the projections of a straight 
line on the two planes xz and yz. Let the equations of 
these projections be 

x = az + a . . . . . . [57] 



yz=:bz+P 



[58J 




In which a and h are the 
tangents of the angles that 
the projections make with 
the axis of z, and a and P 
are the intercepts AB and 
AC. 

If two planes be passed 
through BQ and CE, the 
first perpendicular to the 
plane xz, and the second 

perpendicular to the plane yzy they will be the projec- 
tors of the given hue ; hence, the given line hes in both 
of these planes, and consequently, it is their line of in- 
tersection. Therefore, if any point {x, y, z) of the given 
line be projected on the plane xz, its projection willbe 
on the line BQ; and since the co-ordinates x and z of 
this point in space are parallel and equal to the co- 
ordinates X and z of the projection of the point, it fol- 
lows that equation [57] expresses the relation between 
the oo-ordinates x and z of every point of the given 
Una In like manner^ it may be shown £hat equation 
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[58] expresses the relation between the co-ordinates y 
and z of every point of the given line. 

If we make [57] and [58] simtUtaneouSj that is, if we 
make z the same in both, x, y, and z in the two equa- 
tions will be the co-ordinates of every point of the line 
in space; but this line was any straight line; hence, 
equations (1) and (2) are the equations of any straight 
Kne in space. 

Discnasion of the Eqnations. 

9& The ordinate of the point in which the line 
pierces the plane xy is equal to 0. Making zz=zO in 
[57] and [58], we find, 

x=:a and y = /3. 

Hence, the line pierces the plane xy in the point 
(a, j9). To construct this point, we draw through B 
(Fig. 53) a Une BP parallel to AY, and through C a 
line CP parallel to AX; the intersection, P, of these two 
lines is the required point 

If we make y = 0, we find, 

hence, the line pierces the plane xz in the point, 

In like manner, we find that it pierces the plane yz 
in the point, 

( ap-^ba a\ 
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■^ 

If we combine equations [67] and [68], eKminating Zy 
and transposing, we have, 

which expresses the relations between x and y for every 
point of the line; hence, it is the equation of the pro- 
jection of the line on the plane xy. 

Proposition 46.— lb find the equations of a 
straight line passing through a given point; 
also through two points. 

97. Let {x'yy\z') be the given point; assume the 
equations of a straight line, 

a? = a^f + a (1) 

y = hz+0 (2) 

K the given point is on this line, its co-ordinates must 
satisfy its equations, giving, 

x' = az' + a • • • • • • (3) 

y' = hz' + p (4) 

Conversely^ if equations (3) and (4) are satisfied, the 
line (1), (2) must pass through the given point. Intro- 
ducing these conditions by subtracting (3) from (1) and 
(4) from (2), we have, 

a; — ic' = a(2; — «') [69] 

y^y'^b{z^si) . . . . [60] 

which are the equations of a straight line through the 
given point 
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The equations of condition that make the line just 
found, pass through the point {x"y y'\ z") are. 



x" ^ 

• x' = a{z" ^z')y or, tf = -;7 — j 

Z """ z 



andy 



y'Vy' = *(^'-0> or, i^^rZY 
Substituting these in [59] and [60], we have, 

X — X 



x-^x = 



^(«-^') . 



y-y 



=:^^:i.-,) 



z — z 



. (6) 
. (6) 

[59'] 
[601 



fohicA are the equations of a straight line passing through 
the two pointSy 

{x\y\z'), and {x",y^',z"). 

Propositi6n AH.— To find a formula for the an-- 
gle between two straight lines in space. 

98. The angle between two straight lines in space, 
whether they intersect or not, is equal to the angle 
formed by two straight lines drawn through a given 
point, and parallel to the given lines. 

Let AP and AP', each equal 
to 1, be drawn through the ori- 
gin, and parallel to the given lines. 

Denote the angle PAP' by V, 
and the distance PP' by A 

From the principle demon- 
strated in Davies' Mensuration, 
(Art. 97), we have, Fig. 54, 
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'^^^= 2APXAF ••••(!) 
Making AP and AP' each equal to 1^ we have» 

cosV = — ^ ^^) 

Denote the co-ordinates of P, by x'y y\ and 2' ; the co- 
ordinates of P', by 7l\ y"y and z" \ the angles between 
AP and the co-ordinate axes, by X, Y, and Z; and the 
angles between AP' and the axes, by X', Y', and Z' 

Prom the principle of projections ^Art. 92), we have, 

x' = APcosX, y' = APcos Y, and z' = APcosZ . (3) 

ic"=AP'cosX', y''=AFcosY', and 2;"=AFcosZ'' . (4) 

Making, AP = li AF=1, and substituting in 
formula (1), Article 93, we have, 

(P=(cosX-cosX')2+(co8Y^cosY')2+(cosZ-cosZ7(5) 

Performing the operations indicated, and reducing by 
the relations, (Art.. 94), 

cos^X + cos« Y + cos^Z = 1, 
and, 

co^X' + co^ Y' + cos^Z' = 1, 
we have, 

£P = 2 — 2(cosXco8X' + cosYcosY'+cosZcosZ') . (6) 

Substituting this value of cP, in equation (2), and re- 
ducing, we have, 

cosV =i cosXcosX' + cos Ycos Y' + cosZcosZ' . [61] 

Henoe, the cosine of the angle between tvxy straight 
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lines in apace, is equal to the sum of the rectangles of 
the cosines of the angles that the given lines make with 
the co-ordinate axes. 

It is often more oonyenient to have the valae of cosY, 
in terms of the slopes of the projections of the lines on 
the two vertical planes. To deduce such an expression, 
let the equations of AP and AF be, 

xzjzaz, y = fe (7) 

x^a'zj y = y« (8) 

The equations of condition that place P on the line, 

(7), aro. 

x'=:az'y and y' = i«' .... (9) 

We have, also, the relation, 

AP» = x'> + y'> + «'> (10) 

Combining equations (9) and (10), we have, 

AP3=(a» + J» + l)«'>. . . . • (11) 

From equations (3), we have, 

x' v' ^ 

cosX=:-j-p, co8Y = -^, and oosZ = -^g . (12) 

Substituting for a;', y\ and AP, their values taken 
from (9) and (11), and reducing, we have, 

cosX = —-===, cosY = 



Vl + «» + **' Vl + «» + *»' 

and, ) . (13) 

oosZ= , = 

Vi + a» 4- *« 
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In like manner^ we can find, 

ft' 
cos X' = — J cos T'= 

and, 

cosZ'= ^ 

Vl+a'2 + J'a 

Substituting^these values in equation [61], and reduc- 
ing, we have, • 

fioflV = — - ^ 7 , . [62] 

Vl + a3 + ^Vl + a'2 + J'^ 

w^icA w ^Ae required formula. 

Discussion. 

99. K the two lines are perpendicular to each other, 
cosY is equal to 0, that is, 

l+aa' + hVz=(^ (1) 

Equation (1), is the equation of condition that makes 
two lines perpendicular to each other. 

If one of the lines is given, we know a and b ; there 
are then an infinite number of sets of values a' and V 
that will satisfy equation (1) ; hence, there is an infi- 
nite number of lines that are perpendicular to a given 
straight line. 

If the two lines are parallel, cosV is equal to 1; 
this requires that the numerator of [62] shall be equal 
to the denominator. But the only supposition that 
makes the numerator equal to the denominator, is, 

a = a' and J = S' (2) 
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Equations (2), are therefore the equations of condition 
that make two lines parallel to each other. 

Since these equations only determine the direction of 
one line with respect to another, it follows that there 
may be an infinite number of lines, parallel to a given 
line. 

PROBLEMS. 

1^. Find the distance between the points (3, 2, 1) 
and (4, 5, 3). 

Ans. d = a/H. 

2°. Find the distance between the points (1^ — 2,-3) 
and (4, - 2, - 1). 

Ans. rf=Vi3. 

3''. Find the equations of a straight line through the 

point, (2,3,4). 

Ans. ]^-^ = «(^~4) 
•|y-3 = *(i?~4). 

4°. Find the equations of a straight line passing 
through the two points, (3, 4, 2), and (4, 1, 5). 

Ans. $3^ = ^ + 7 

idy'=z^Zz + 18. 

5"^. Find the points in which the line last found 
pierces the co-ordinate planes. 

Ans. (|, 6, o), (y , 0, e), and (o, 13, - l). 

6°. Find the equation of the projection of the line, 
found in Problem 4°, on the plane xy. 

Ans. 3.r = — y -h 13. 
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7^. Find the angle between the straight lines, 



I 



a: = 35; + 5 



and 

\x=iz + l 






Ans. 14^ 68'. 



8*. Find the equations of a line through the origin 
and perpendicular to both the lines of the last problem. 

Solution.'-ThQ equations of any straight line through 
the origin are, 

;zi\ (') 

The equation of condition that makes this line per- 
pendicular to the first of the given lines is, 

1 + 3^ + 55 = (2) 

and the equation of condition that makes it perpendicu- 
lar to the second of the given lines is, 

l + a + 2J = (3) 

Combining (2) and (3), we find, 

a = 3 and J = — 2. 

Substituting these in (1), we have, 
a: = 32J, 

which are the required equations. 
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9^. Find the equations of the line passing throagh 
the points ^, 1, 0) and (— 3, 0, ^ 1). 



{z = 6z + 2y 

Jy= z + 1. 
10^ Find the cosine of the angle between the lines. 



Ans. 



mif 



{x = 2z + l, 
(y = 2« + 2. 



(y = 4z + l. 



Ans. CosV = ^^ 



9V2' 

III. Of the Plane. 

Proposition 48. — 2b find the equation of a 
plmne. 

100. A plane may be generated by a straight line, 
revolving around one of its points, and continuing per- 
pendicular to a given straight line. The revolving line 
is called the generatrix, and the fixed line is called the 
directrix; if the directrix pass through the origin of 
co-ordinates, it is called the axis of the plane. 

Assume the equations of the axis, 

X = azy and yz=:bz (1) 

Let {x\ y\ z') be any point in space, and let 

x-^x' = a'(z^z') and y-y' = i' (« — «').. (2) 

be the equations of a straight line passing through that 
point. These equations can be placed under the form, 

»' = ?^. and J' = ^ ... (3) 
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The condition that makes the line (3) perpendicular 
to the line (1) is, (Art 99), 

l + aa' + bb'=:0. . . . . . (4) 

For one set of values of a' and b'^ that will satisfy 
equation (4), x, y, and Zy in equations (3), will be the 
co-ordinates of every point of one position of the genera- 
trix ; hence, if we give to a' and b' every set of values 
they can have, and satisfy equation (4), x, y, and Zy in 
equations (3), will becogne the co-ordinates of every 
point of the generatrix in every possible position, that 
is, they will be the co-ordinates of every point of the 
plane. 

Hence, if we substitute in equation (4), the values of 
a! and Vy taken from equations (3), the resulting equa- 
tion will be the equation of the plane. Making this 
substitution, we have, 

l + a^' + J^^^' = .... (5) 

Clearing of fractions and reducing, 

z + ax + by ^{z + aaif + by') = 0. 

Bepresenting the quantity in the parenthesis by Pf 
and transposing, we have, 

z + ax + byz=ip [63] 

which is the required equation. 

Discussion. 

101. Equation [63], is of the first degree between 
three variables; in it, a, ^, and p are arbitrary. 
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Conversely, every equation of the first degree between 
three variables is the equation of a plane; for, every 
equation of the first degree between three variables is a 
particular case of the general form. 

Aa; + By + C« + D = . . . . (1) 
Transposing, arranging, and dividing by G, we have. 



A 

0' 



« + 7T« + oy= — 



B 



(2> 



Equation (2) is of the same form as equation [63] ; 
hence, it is the equation of a plane, that is, every equor- 
Hon of the first degree^ between three variables^ is the 
equation of a plane. 

The tra4ie of a plane on 
any of the co-ordinate 
planes, is its intersection 
with that co-ordinate 
plane. 

If we make y = in 
equation [63], the result- 
ing equation will express 
the relation between x and 
Zy for every point of the 
plane whose abscissa y is 
equal to ; that is, it will be the equation of the trace 
on the plane xz. 

Making y = 0, in [63], and solying with respect to 
Xf we haye, 




Fia. 5& 



a ^ a 



(8) 
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which is the equation of the trace of the plane [63] on 
the plane xz. 

In like manner, making a? = 0, and solving with re- 
spect to y, we have, 

y=-r+i w 

which is the equation of the trace on the plane yz. 

Making 2f = 0, and solving with respect to y, we 
have, 

y = -f«+f • (5) 

which is the equation of the trace on the plane xy. 

Comparing equation (3) with the first of equations (1), 
in Article 100, we see that the product of the coeffi- 
cients of z, in the two equations, is equal to — !•; this 
showa that the trace on the plane xz is perpendicular 
to the projection of the axis on the same plane. 

Comparing (4) with the second of equations (1), Arti- 
cle 100, we see, in like manner, that the trace on the 
plane yz is perpendicular to the projection of the axis 
on that plane. 

Combining equations (1) of the last article, we find, 
for the projection of the axis on the plane xy, 

y = a^ (6) 

Comparing this with (5), we see that the trace on the 
plane xy is perpendicular to the projection of the axis 
on that plane. 

If any line be drawn perpendicular to the Diane, it 
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will be parallel to the axis of the plane, and its projeo- 
tions on the co-ordinate planes will, from the princi- 
ple of projections, be parallel to the projections of the 
axis ; hence, if a line is perpendicular to a plane, the 
projections of the line are perpendicular to the traces of 
the plane. 

To find the points in which the plane intersects the 
axis of Zf we make a; = and y=:0, which gives 
2=j7; hence, the plane intersects the axis of 2; at a 
distance from the origin equal to p. 

In like manner, we find the intercept on the axis of x 

to be 2; = -, and that on the axis of y to be y =-|. 

If we combine equations (1), of Article 100, with 
the equation of the plane [63], we find, 

_ p _ ap \ 

'-l + aa + J»* ^-l + a»+J»' / 

and, > . . . (7) 

_ bp V 

y-i + a» + j» / 

These values of z^ x, and y, are the co-ordinates of the 
point in which the axis pierces the plane. Taking the 
square root of the sum of their squares, we find it equal 

to —====, which is the distance of the plane from 
the origin. 

Proposition 49. — To find a formula for the co- 
sine of the angle between two planes, 

102. Assume the equations of the two planes, 

z-\-ax-\-ly=p (1) 

z-Jta'x-^Vy:=zp' (2) 
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The equations of the axes of these planes are, 

x=^az, y = bz (3) 

X = a'zy y=zb'z (4) 

Since the axes are, by definition, perpendicular to the 
planes, the angle between the axes is equal to the angle 
between the planes. But the cosine of the angle be- 
tween the axes is given by formula [62] ; hence, if we 
denote the angle between the two planes by Y, we have^ 

cosY = —=J=±^±E==== . . [64] 

Two planes are perpendicular to each other when, , 

1 + aa' -\-l>b'=iO. 
And they are parallel to each other when, 
a r=z a' y and J = J' . 

PROBLEMS. 

1^. Find the equations of the traces of the plane, 

2f + 2a; + 3j^ = 6. 
On each of the co-ordinate planes, 

!2ar + 8y = 6, on xy. 
2 + 2a; = 6, on xz. 
2j + 3y = 6, on yz. 

2^ Find the intercepts of the same plane on the co- 
ordinate axes. 

An$. a;' = 8, y' = 2, «' = 6. 
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3^ Find the ordinate of the point of the same plane 
whose projection on the plane, (xy), is (3, 4). 

Ans. «' = — 12. 

4^ Find the point in which the line, 
C jr = 2« + 3, 
( y = 3«-2, 
pierces the plane 

« + 2a; — y = 4. 

Ans. (-1, -8, —2). 
5^ Find the line of intersection of the two planes^ 
« + 2a?-y = 3, 
M + x + 2yz=z5. 

8 . 11 
Ans. 



"-«• + ¥• 



6^, Find the cosine of the angle between the same 
planes. 

Ans. CosV = ^. 
o 

7^ Find the equation of a plane in terms of its in- 
tercepts on the three co-ordinate axes. 

Solution.— It we denote the intercepts of the plane, 

z + az-\^h/=zp . . . . . , (1) 
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on the three axes taken in alphabetical order, by I, m, 
and n, we haye, 

1 = -, w = Y> and n=:^ 
a b 1 

whence, 

a=:T5 * = — , and 1 = -. 
r m n 

Substituting in equation (1), and reducing, we haye, 

which is the required equation. 

8°. Find the equation of a plane that shall pass 
through the pomts (1, 2, 3) , (2, 1, 2), and (3, 4, 3). 

A .115 

Ana. « + -a?-^y = g. 

9"^. Find the equations of a straight line passing 
through the point (—2, 3, 5), and perpendicular to 
the plane 

« — 2a: — 8y=— 4. 



Ans. 



i a; = — 2« + 8, 
( y= -82 + 43. 



10. Find the angle between the planes 

5 7 1 

^ + 3^-3* ==-3- 

^ 1 A 

^-3^-3^ = ^- 

Ane. 79^ 
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ll^ Find the distanoe fiom the point (2» — 3, 0) ta 

the plane, 

ij — 8a? — 9y = 2. 

Ans. -— .TS. 
12^ Find the polar equation of a plane. 

Solutiofkr^AaBome the equation of a plane, 

and in it substitute for x, y, and z their Talues taken 
from equation (1), (Art 91). The resulting equation, 

rsin^ + racos^cosa + r&ooe^sina =j9, 

which may be written, 

r = £ 

sin0 + acos^cosa + dcos^sina^ 

is the required eqtuUion. 

IV. Of Surfaces of Revolutiok. 
Definitioiis. 

103. A surfEM^ of revolution, is a surface that may be 
generated by any line, reyolving about a straight line as 
an axis. 

The reyolying line, is called the generatrix of the sur- 
face. The fixed line, is called the axis of revolution, or 
simply the axis. A section of the surface by a plane 
passing through the axis, is called a meridian-section, 
and the plane itself, is called a meridian-plane. Any 
section of the surface by a plane perpendicular to the 
axis, is a circle. 

It is obvious that all meridian-sections, are equal to 
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each other. Hence, if any meridian-section be revolved 
about the axis, it will generate the surface. 

Proposition 60. — To find the general equation 
of a surface of revolution, 

104. Let the axis of Z be 
taken to coincide with the 
axis of revolution; let the 
generatrix be a meridian-curve 
cut from the surface by the 
plane xz^ and let D be any 
point of the generatrix. De- 
note the co-ordinates of D by 
r and z\ then will the equa- 
tion of the generatrix be an equation expressing a rela- 
tion between r and z. This relation may be expressed 
by the symbol, 

T=f(z) (1) 

which is read, r is a function of z; that is, r depends 
on z for its value. 

K the generatrix revolve about the axis of «, the point 
D will generate a circle parallel to the plane xy^ and in 
every position of the point D, we shall have, 

r2 = a?! + y2 . (2) 

Now, for every value of r, we shall have a particular 
value of Zy and this value of z^ with the corresponding 
values of x and y, are the co-ordinates of every point of a 
horizontal circle of the surface. Consequently, if we suppose 
r to have every value that it can have and satisfy equa- 
tion (1), the different values of ^, with the correspond- 
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ing yalaes of x and y, will be the co-ordinates of every 
point of every horizontal circle of the surface ; that is, 
they will be the co-ordinates of every point of the sur- 
'face. Hence, if we snbstitnte the value of r, taken from 
(1), in equation (2), we have, 

[/(^)p = a^ + y« [65] 

which is the general equation of a surface of revolution. 

To apply this equation to any particular case, we take 
the equation of the curve as aheady deduced, changing 
X to r and y \k> z\ the result is the equation of the 
meridian-curve in the plane a;z; from it, we find the 
value of r^ in terms of z\ we then substitute this value 
in place of the first member of equation [65], and the 
result is the required equation. 

In what follows, the same names are applied to sur. 
faces as to the volumes they limit Thus, the terms 
sphere, spheroid, and the like, are defined and used to 
designate surfaces, whereas in ordinary language they are 
employed to denote the volumes of which these surfaces 
are the limits. 

Equation of a Sphere. 

105. A sphere is a surface 
that may be generated by a 
circle, revolving about one of its 
diameters. 

In this case, the equation of 
the generatrix is, 

r»H-i2» = Ra . . (1) 
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tending the value of r^, we have, 

r3 = B2-28 (2) 

Substituting in [65], and reducing, we have, 

a^ + y^ + sl^ = W [66] 

which is the equation of a sphere, whose radius is B. 

Equation of an Oblate Spheroid. 

106. An Oblate Spheroid is a surGa<;e that may be 
generated by an ellipse, revolving about its conjugate 
axis. 

In this case the equation of the meridian curve is, 

a^ + I^ = aW ..... (1) 
whence, 

^ = g(S»-^) {%) 

Substituting in [65], and reducing, we have, 

V^{x^ + f) + aH^z=iaW .... [67] 
which is the equation, of the oblate spheroid. 

Eqnation of a Prolate Spheroid. 

107. A prolate spheroid is a surface that may be 
generated by an ellipse revolving about its transverse 
axis. 

In this case the equation of meridian-curve is, 

i%a + aV2 = a2^ ...... (1) 

whence, 

r« = ^(a»-«») ...... (2) 
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Substitating in [65], and reducing, we have, 

«*(a« + »») + «8* = fl'i* .... [68] 

which is the equation of the prolate spheroid. 

K we make a = ft, in either of equations [67], or, 
[68], we have, after reduction, 

a4 + y» + 2» = aa (3) 

which is the equation of a sphere whose radium is a. 

Both the oblate and the prolate spheroids are ellipsoids 
of revolution. 

Eqnation of an Hjperboloid of one Nappe. 

108. A ruippe^ is a sheet, or branch of a surface. 

An hyperboloid of one nappe, is a surface that may be 
generated by an hyperbola, revolving about its conjugate 
axis. 

In this case, the equation of the meridian-curve is, 

a%a-*V»=-.a»i» . . . . (1) 
whence, 

f» = g(J» + i8a) {2) 

Substituting in [65], and reducing, we have, 

i"(^ + y')-«^ = «**^ .... [69] 
which is the equation of the hyperboloid of one nappe. 

Equation of an Hyperboloid of two Nappes. 

109. An hyperboloid of two nappes, is a surface that 
may be generated by an hyperbola revolving about its 
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transverse axis. Each branch of the curve generates a 

separate nappe, or branch of the surface. 

In this case, the transverse axis of the curve is made 

to coincide with the axis of z, and the equation of the 

generatrix is, 

a^^-^V^z=:aW (1) 

whence, 

r» = g(;^-J») (2) 

Substituting in [65], and redilcing, we have, 

}^(^j^y^)^a^^=^aW . . . .[70] 

which is the equation of the hyperboloid of two nappes. 

The generatrices in the last two cases, are conjugate 
hyperbolas, and the corresponding surfaces, are conjugate 
hyperboloids. 

Equation of a Paraboloid of Revolution. 

110. A paraboloid of revolution, is a surface that 
may be generated by a parabola revolving about its axis. 
Making the axis of the parabola coincide with the axis 
of z, we have for the equation of the generatrix, 

r^=z2pz (1) 

Substituting in [65], and transposing, we have, 

x^-\.y2^2pz = [71] 

which is the equation of a paraboloid of revolution. 

Equation of a Cone. 

111. A cone is a sur&ce that may be generated by a 
straight line revolving about another straight line which 
it interseota 
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The different positions of the generatrix are called ele- 
mentSj and the point of intersection is called the vertex 
of the cone. 

In this case, the equation of the generatrix is, 

»'=iar + h (1) 

whence, 

^=^ « 

Snbstitnting in [65], and reducing, we have, 

a«(a:» + y») — («-*)» = . . . (3) 

which is the equation of a cone. 

In this equation, a is the slope of the generatrix. De- 
noting the inclination of the generatrix by a, we have, 

a* = tan^a. 

Substituting this in (3), we have, 

(xa + jr^)tan»a — (i?-J)a = . . . [72] 

which is the equation more cominonly used. 

In [72], h is the distance from the plane xy^ to the 
vertex ; the part of the cone that lies behw the yertex, is 
called the first nappe j the part that lies above the ver- 
tex, the second nappe ; both nappes extend to an infinite 
distance from the vertex that separates them. 

The intersection of the cone with the plane xy is 
called the hose of the cone. 

Method of Discussion. 
X12. Iklany properties of the surfiEUm represented bj 
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equations [66] to [72], may be determined by discussing 
the sections made by planes parallel to the planes of 
projection. 

Planes parallel to either of the planes of projection 
are called planes of paralleL section. The curves cut 
&om a surface, by a system of such planes, are called 
parcdhl sections of the surface. 

All parallel sections are projected on the correspond- 
ing co-ordinate plane, in their true dimensions. If a 
plane of parallel section does not cut the surface consid- 
ered, the fact will be indicated by an imaginary equa- 
tion for the projection of the curve. Conversely, an 
imaginary equation indicates that the plane does not 
intersect the surface. 

Discussion of the Equations of the Spheroids. 

113. If we make z=zq in equation [67], and re- 
duce, we have, 

x^ + f = ^(J^^q^) .....(!> 

Equation (1) is the equation of the projection, on the 
plane xy, of a section of the oblate spheroid made by a 
plane parallel to the plane xy, and at a distance from it 
equal to q. By giving to q every possible value, the 
equation may be made to represent every possible section 
parallel to the plane xy. 

But equation (1) is the equation of a circle whose ra- 
dius is equal to tV*^ — ?^; the circle is real if 5^<i2; 
it reduces to a point if q^ = V\ and it is imaginary if 
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Hencey every section of the surface parallel to the 
plane xy \s a circle, and the surface is limited by two 
^planes, parallel to the plane xy, and at distances from it 
equal to +b and — & 

If we make, z = m, in [67], and reduce, we have, 
for the general equation of the projections of the sec- 
tions parallel to the plane yz, 

Vy + ah^^l^ia^'-m*) . . . .. .(2) 

This is the equation of an ellipse (Art 88). The 
ellipse is real if fn*<a'; it is a point if m^=,a^; 
and it is imaginary if rr^y €?y (Art. 87). 

Hence, all sections of the oblate spheroid, parallel to 
the plane yzy are eUipses, and the surface is limited 
by the parallel planes that are at a distance from the 
plane yZy equal to •\- a^ and — a. 

If we make y = » in [67], and reduce, we have, 

J2a!» + a82a = fta(a»-n«) .... (3) 

which is of the same form as (2), except that x and y 
have changed places. 

Hence, the sections parallel to the plane xz^ are 
ellipses, and the limiting planes are at distances from the 
plane xz equal to + a and — a. 

Equation [68] is the same as equation [67], except 
that a and h change places. 

Hence, the preceding conclusions are applicable to the 
prolate spheroid, changing a into &, and i into a. 

Discussion of the Equations of the Hyperboloids. 
114. If we make z^ss-q^ in equations [69] and [70], 
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and reduce, we have, for the sections of the hyperboloids 
parallel to the plane xy^ 



• a^ + J^ = ^'(^» + *») . ... (1) 

^ + y' = |V~5*) ..... (2) 

Both (1) and (2) are the equations of circles; equa- 
tion (1) is always real; equation (2) is imaginary if 
^ < }2, but it is real if q^>i^. 

Hence, all the sections of both hyperboloids parallel to 
xy are circles. In the hyperboloid of one nappe, all the 
sections are real, and the surface has no limit in the 
direction of the axis of z. The hyperboloid of two nap- 
pes is limited by two planes parallel to the plane xy, 
and at distanfes from that plane equal to + b and 
— J, no part of the surface lying between the Umiting 
planes. 

The smallest circle in the hyperboloid of one nappe 
is found by making g = 0. This circle is called the 
circle of the gorge. 

If we make x^zm, in [69] and [70], and reduce, 
we find for the general equations of the projections of 
sections parallel to the plane yz, 

V^yi^ah^ = i;^{a^-m^) .... (3) 
V^y^^aJ^z^^'-Vi.a^ + m^) ... (4) 

Both (3) and (4) are equations of hyperbolas, (Art 
88). The transverse axis of the hyperbolas represented 
by equation (3) is parallel to the axis of i;, if m' < a^, 
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and it is parallel to the axis of y if m' > a', (Art 88). 
If ms = a^ equation (3) reduces to, 

y=±|. ...... . (5) 

which is the equation of two straight lines intersecting 
at the origin. These lines are the asymptotes of the 
projections of all the sections parallel to the plane yz. 

All the hyperholas represented by (4) have their trans- 
verse axes parallel to the axis of z. If we make y = n, 
in [69] and [70], and reduce, we have for the equations 
of the projections of sections parallel to the plane xzy 

Wa:8-.oa«2=:^(a2-w2) (6) 

iW — aV=— i2(«a + ^2) , ... (7) 

Equations (6) and (7) are of the same form as (3) 
and (4), except that x has taken the place of y, and n 
the place of m. Hence, the conclusions just deduced are 
appUcable to the sections parallel to the plane xzy simply 
changing y into x, and m into n. 



Discoasion of the Equation of the Paraboloid. 
US. Making z=:q, in [71], and reducing, we have, 
a? + i^ = 2pq (1) 

This equation shows that the sections parallel to the 
plane o^y are all cu*cle8, real if p and q have the same 
sign, and imaginary if they have contrary signs. 

Making x^ztn, and then making y = n, and re- 
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ducing, we have, for the projections of the sections par- 
allel to the planes yz^ and xz^ 

fzzz'UpZ'^m^ (2) 

o^z^^pz — n^ (3) 

Equation (2) is of the same form as (3), except that 
X and y change places. 

But these equations are equations of parabolas (Art 
88). The parabolas Ue abore the plane xy when p is 
positive, and below it when p is negative (Art 86). 



V. Of Conic Sections. 

Method of Discussion. 

116. In the preceding articles, we have only consid- 
ered parallel sections. In discussing the sections of a 
cone, we shall pass a plane through the axis of ?/, 
making an arbitrary angle with the plane xy, and then 
find the equation of the resulting section referred to a 
pair of rectangular axes, in its own plane. Having 
found this equation, we shall suppose the cutting plane 
to assume all possible positions by turning it about the 
axis of y, and at the same time we shall suppose the 
cone to move up and down with respect to the plane 
ay, by changing the distance firom the origin to the 
vertex. Since the cone is perfectly symmetrical with re- 
spect to the axis of z, we shall, in this manner, be able 
to determine the nature of every possible section of any 
given right cone. 
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Generml Equa t ion oC the Cook Sectkm. 

117. Let the plane YAD paas through the axis of y, 
and denote the angle XAD, which it makes with the 
plane xy^ by n. 

The plane xz divides the oone sjrmmetricallyy and the 
plane YAD is perpendicular to it; henoe, the section of 
the cone made by the plane TAD is symmetrical with 
reference to the line KD. 

Let AY and ED be taken 
as axes, and let the equation 
of the curve, APD, be referred 
to them. 

Take any point, P, of the 
curve, as the one that is projected 
on the plane xz at B, and denote 
its co-ordinates with respect to 
the original axes by z, y, and 
z, and with respect to the new 
axes, by x' and y'. 

The distance of the point from tiie plane xz is the 
same as its distance from the line ED. The co-ordi- 
nates x\ X, and z, form a right-angled triangle, having 
X* for its hypothenuse, and the angle at the base being 
u. Hence, we have the following relations: 

x=:x' C08U, y = y\ and z=:x'^u . . (1) 

But c, y, and z, are the co-ordinates of all the points 
of the conic surface that lie in the plane YAD, referred 
to AX, AY, and AZ as axes, and x' and y' are the co- 
ordinates of the same points referred to ED and AY as 




Fig. SB. 
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axes. Hence, if we substitute for x, y, and z, in equa- 
tion [72], their yalues taken from equations (1), we shall 
have the equation of the conic section referred to two 
rectangular axes in its own plane. 

Making the substitutions, and replacing a by v, wo 
have, 

{x'^coe^u + y'«) tan* v ~ (a'sint* — *)» = . . (2) 

Omitting the accents, performing indicated operations, 
and arranging, we haye, 

y^tan^v + aj'(cos2wtan»v — sm*w)+2}sinwa;— J2-:::0..(3) 

But, 8iii^u:=zco^uiaji?u; substituting this in the 
second term of equation (3), and reducing, we have, 

y^tan* v+a:»cofil»t^ (tan* V— tan'w) +2Jsint4a:— J2-.0 . . [73] 

which is the general eqtcation of a conic section. 

Since equation [73] is of the second degree, we infer 
that all conic sections are curves of the second order 
(Art. 88). 

Discussion. 

118. Gomparing equation [73], with the general equa- 
tion (1), Article 82, we see that, 

J = 0, anrtan'v, and c = co(^w(tan'v— -tan^w) . ..(1) 
whence, 

4a(? = 4tan*vco#w(tan*v — tan*w) . . . (2) 

l^ If tan*w = tan*v, we have, 4fl<? = 0, or i* = 4ac; 
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hence, in this caae, the conic section is a parabok^ 
(Art 88). 

2°. H tan«v<tan»v, we have, 4ae>0, or V<iac; 
hence, in this case, the conic section is an ellipse. 

. 3°. If tan'v>tan'v, we have, 4ae<0, or i^>4ac; 
hence, in this case, the conic section is an hyperbola. 

In the first case, the cutting-plane is parallel to one 
element of the cone; in the second case, the cutting- 
plane makes a less angle with the plane of the base of 
the cone, than that made by an element; in the third 
case, the cutting-plane makes a greater angle with the 
plane of the base, than that made by an element. 

In the first case, all the elements of the cone are cnt, 
except the one to which the cntting-plane is parallel, 
and the points of intersection are all on one nappe of 
the cone. 

In the second case, all the elements, are cut by the 
cutting-plane, and in one nappe. In this case, the 
curve has but a single branch, which returns upon 
itself. 

In the third case, all the elements are cut, except 
two. These two, lie in a plane through the vertex, par- 
allel to the cuttiug-plane. Of the points of intersection, 
half lie on one nappe, and half on the other. 

Hence, if a right cone with a circular base be inter- 
sected by a plane, the section will be a parabola when 
all the elements but one are cut, an eUipse when all the 
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elements are cut, and an hyperboloy when all the ele- 
ments but two are cut. 

For given values of v and u, the shape of the section 
remains unchanged^ but its dimensions may be varied at 
pleasure, by giving different values to b, the ordinate of 
the vertex. Varying b alone, is equivalent to raising or 
depressing the cutting-plane, without changing its incli- 
nation, either with respect to the base Or to the 
element. 

If we make b = 0, the parabola reduces to a straight 
line, the ellipse reduces to a point, and the hyperbola 
to two straight lines, that intersect each other. Under 
this hypothesis the cutting-plane passes through the 
vertex. 

A right cylinder, with a circular base, may be regard- 
ed as a limiting case of the cone. If a plane be passed 
parallel to the axis of such a surface, it will cut out 
two parallel lines, one line, or two imaginary parallels, 
according as its distance from the axis is less than, equal 
tOy or greater than, the radius of the cylinder. These are 
the limiting cases of the parabola. 

A plane passing through a point on the axis of z, 
and parallel to the plane xy, may be regarded as the 
other limiting case of a cone. 

If a plane be passed parallel to this surfece, its inter- 
section with it, is an imaginary curve, which is one of 
the limiting curves of the ellipse. If a plane be passed 
parallel to the base of any other cone, its intersection 
with it is a circle, which is another limiting case of the 
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ellipse. If a plane be passed throngh tiie yertex, and 
parallel to the base, the circle reduces to a point 

Hence, every curve found by the discussion of the 
general equation of the second degree between two vari- 
ablest is a conic section. 
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